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A COLLECTION of examples in illustration of Ana- 
lytical Geometry of Three Dimensions has long been 
required both by students and teachers, and the 
present work is published with the view of supplying 
the want. These examples have been principally 
obtained from University and College Examination 
Papers, but many of them are original. The results 
of the examples are given at the end of the book, 
together with hints for the solution of some of them. 

St Johk'b College, 
July 17th, 1858. 



In the second edition the work has been care- 
fully revised, and the number of examples has been 
increased. 

St Johk'b College, 
Jidy, 1864. 



EXAMPLES OF ANALYTICAL GEOMETRY OF 

THREE DIMENSIONS. 



I. The straight line and plane. 

Let OA, OB, 0(7 be three edges of a rectangular paral- 
lelepiped which meet at a point ; take for the origin and 
the d&rections of OA, OB, OG for the axes of x, y, z re- 
spectively ; complete the parallelepiped ; let Z) be the vertex 
opposite io A, E that opposite to B, F that opposite to (7, 
Q that opposite to 0. Xet OA^a, OB=b, 00 =c; and 
use these data in the following Examples from 1 to 11. 

1. Find the equation to the plane passing through 
D, E, F. 

2. Find the equation to the plane passing through 
O, A,B. 

3. Find the equation to the plane passing through 
G, 0, A; also the equation to the plane passing . through 
G, 0, B. 

4. Find the equations to the line OG. 

5. Find the equations to the lines EB and AD. 

6. Find the length of the perpendicular from the origin 
on the plane in Example !• 

7. Find the length of the perpendicular from C on the 
plane in Example 2. 

8. Find the angle between the planes in Example 3. 

9. Find the angle between the line in Example 4, and 
the normal to the plane in Example 1. 

10. Find the angle between the lines in Example 5. 

y T, A. G. '1 



2 THE STRAIGHT LINE AND PLANE. 

11. Find the equations to the line which passes through 0, 
and the centre of the face AEQF. 

12. Interpret the equation 

^ +y' + «'= (ajcos a + y cos)8+ « C0S7)*, 
where cos* a + cos*)9 + cos*7 = 1. 

13. Find the angle between the line -- = -4^ = -7-, and 
the line -jo^I/i ^ = ^* 

14. Find the equation to the plane which contains the 
line whose equations are 

and the point (a, )9, 7). 

15. Find the equation to the plane which passes through 
the origin and through the line of intersection of the planes 

Ax + Bj/ + Cz = D, and A'x + B'i/ + G'z=^D'; 

and determine the condition that it may bisect the angle 
between them. 

16. Find the equation to the. plane which passes through 
the two parallel lines 

X — a y --b z — c x^d ^y — V _z^c* 
I ~ m ^ n ^ I m n ' 

17. The equation to one plane through the origin bisecting 
the angle between the lines through the origin, the direction 
cosines of which are Z^, w^, w^, and^ Zj> «^2> ^a> ^^^ perpen- 
dicular to the plane containmg them is 

{\-l^ X + (w,-m,) y + K- «,) « = 0; 

and the equation to the other plane is 



r' 

THE STRAIGHT LINE AND PLANE. 3 

18. Shew that the equation to a plane which passes throngh 
the point (a, )9, 7) and cuts off portions a, b from the axes 
of X and y respectively is 



a o y [a o ) 



19. Find the equation to the plane which contains a given 
line and is perpenmcular to a given plane. 

20. Shew that if the straight lines 

? — y_^ a: _ y _ ^_y_^ 

lie in one plane, then 

21. Find the length of the perpendicular from the point 
(1, —1, 2) upon the line x = y = 2z, 

22. Find the equation to the plane which passes through 
the lines 

, x — a y — h z — c 

and — jr— = - — ;- = — r- . 

23. Find the equations to a straight line which passes 
through the point (a, J, c) and makes a given angle with 
the plane 

Ax + By+Cz = 0. ' 

24. Find the equation to the plane perpendicular to a 
given plane, such that their line of intersection shall lie in 
one of the co-ordinate planes. 

25. If the three adjacent edges of a cube be taken for the 
co-ordinate axes, find the co-ordinates of the points in which 

1—2 
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a plane perpendicular to the diagonal through the origin and 
bisecting that diagonal will meet the edges. 

26. Determine the plane which contains a given straight 
line, arid makes a given angle with a given plane. 

27. A straight line makes an angle of 60^ with one axis, 
and an angle of 45** with another ; what angle does it make 
with the third axis ? 

28. Interpret o?^y^^7?, 

29. Find the condition that must hold in order that the 
equations 

x=cy ^bz, y = az + cXj z = bx + ay 

may represent a straight line; and shew that the equations 
to the line then are 



X 



^ y ■_ 



V(i~«'0 V(i-t') V(i~cV . 

30. Through the origin and the line of intersection of 
the planes 

X cos a +y cos ^ + ^ cos 7 — jp = 0, 
and a? cos ctj + y cos ^i + « cos 7j—jpj = 0, 

a plane is drawn; perpendicular to this plane and through 
its line of intersection with the plane of (a?, y) another plane 
is drawn ; find its equation. 

» 

31. Find the e(juation to the plane which passes through 
a given point and is perpendicular to the line of intersection 
of two given planes. 

32. From any point P are drawn PM, PN perpendicular 
to the planes of («, x) and (2, y) ; if be the origin, a, yS, 7, 6 
the angles which OP makes with the co-ordinate planes and 
the plane OMN^ then will 

cosec' d = cosec^ a + cosec* fi + cosec* 7.. 
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33. Apply the equation to a plane 

a? cos a + y cos )9 + « cos 7 = S 

to prove the following theorem; a triangle is projected on 
each of three rectangular planes ; shew that the sum of the 
pyramids which have these projections for bases and a com- 
mon vertex in the plane of the triangle is equal to the 
pyramid which has the triangle for base and the origin for 
vertex* 

34. Find the eauations to the straight line joining the 
points (a, J, c) and (a', h\ c'); and shew that it will pass 
through the origin if aa + hh' + cc' = pp, where p and p' are 
the distances of the points respectively from the origin. 

35. Express the equations to the line 

in the form 

- = ^ = -, 
I fn n 

36. Shew that the equations 

x-\-l y + 1 « + l 

represent four straight lines, and that the angle between any 
two of them = cos"* [ ^ ) . 

37. The equations to two planes are 

Ix + my 4- nz^pf Vx + my 4- nz = p', 

where 

Z« + ,^« + w' = l, Z'' + wi'' + n'* = l; 

find the lengths of the perpendiculars from the origin uj)on 
the two planes which pass through their line of intersection 
and bisect the angles between them. 
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38. Find the equation to a plane parallel to two given 
straight lines ; hence determine the shortest distance between 
two given straight lines. 

39. Find the equation to a plane which passes through 
two given points and is perpendicular to a given plane. 

40. There are n planes of which no two are parallel to 
€ach other, no three are parallel to the same right line, and 
no four pass through the same point ; prove that the number 

of lines of intersection of the planes is - (w — 1), and that the 

number of points of intersection of those lines is 

n (n - 1) (n - 2) 
1.2.3 

41. Find the shortest distance between the point (a, fi, y) 
and the plane 

42. Find the equation to the plane which passes through 
the origin and makes equal angles with three given straight 
lines which pass through the origin. 

43. Determine the co-ordinates of the point which divides 
in a given ratio the distance between two points. 

Hence shew that the equation 

Ax+By + Cz=^D 

must represent a plane, according to Euclid's definition of a 
plane. 

44. Three planes meet in a point, and through the line of 
intersection of each pair a plane is drawn perpendicular to 
the third ; prove that in general the planes thus drawn pass 
through the same line. 

45. The equations to a line are 

a — <y + bz_^fi'—az + cx^ y — hx + ay ^ 
a be' 

express them in the ordinary symmetrical form. 
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46. Find the condition that must subsist in order that 
the equations 

inay* represent a straight line ; and supposing this condition 
to be satisfied put the equations in the ordinary symmetrical 
form. 

47. Supposing the equations in the preceding question to 
represent a straight line, find in a symmetrical form the 
equations to the line from the origin perpendicular to the 
given line ; also determine the co-ordinates of the point of 
intersection. 

48. The locus of the middle points of all straight lines 

{)arallel to a fixed plane and terminated by two fixed right 
ines which do not mtersect is a straight line. 

49. The equation to a plane is lx + mr/ + nz = 0; find 
the equations to a line lying in this plane and bisecting tlie 
angle formed by the intersections of the given plane with the 
co-ordinate planes of {z, x) and («, y). 

50. A straight line, whose equations are given, intersects 
the co-ordinate planes in three points; find the angles in- 
cluded between the lines which join these points with the 
origin ; and if these angles (a, )9, 7) be given, shew that the 
equation to the surface traced out by the line in all posi- 
tions is 

X V(tan 0) +y V(tan ^) + « V(tan 7) = 0. 
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II. Surfaces of the second order. 

51. If the normal n at any point of an ellipsoid termi- 
nated in the plane of (a?, y) make angles a, ^8, 7 with the 
semiaxes a, h^ c, andp be the perpendicular from the centre 
on the tangent plane, then 

n.p = <?i and ^'=a*cos*a + 5'cos*i8 + c*co3'7. 

62. Find a point on an ellipsoid such that the tangent 
plane cuts off equal intercepts from the axes. Also find a 
point such that the intercepts are proportional to the axes. 

53. If a, i, c be the semiaxes of an ellipsoid taken in 
order, and e, e' the excentricities of the principal sections 
containing the mean axis, shew that the perpendiculars from 
the centre on the tangent planes at every point of the section 
of the surface made by the plane Msi — (?ex are equal. 

54. From a given point 0, a line OF is drawn meeting 
a given plane in Q^ and the rectangle OP. 0§ is invariable ; 
find the locus of P. 

55. Sections of an ellipsoid are made by planes which all 
contain the least axis; find the locus of the foci of the 
sections. 

56. Find the locus of a point which is equidistant from 
every point of the circle determined by the equations 

a;* 4- y' + «' = «', 2ar + wiy + nz =j). 

57. . Shew that the section of the surface «* = xy by the 
plane z = x+y + c is a circle. , 

58. Interpret the equation 

x* + t/^ + z*=: {lx + my + nz)\ 

59. A, Bj G are three fixed points, and P a point in space 
such that PA* + Pff = PC*; find the locus of P, and explain 
the result when ACB is a right or obtuse angle* 



SURFACES OF THE SECOND ORDER. 9 

60. Shew that the equation -5 + fs + j =» 1, where a, J, c 

are in order of magnitude, may be written thus, 

Jc* {a? + 1/" + z' -h') - a? + mV = 0, 

where k and m are certain constants. Hence shew that two 
circular sections of an ellipsoid can be obtained by cutting it 
by planes passing through its mean axis. 

61. A sphere {O) and a plane are given; shew that if 
anjr sphere {C) be described touching the plane at a given 
pomt and cutting (7, the plane of section always contains a 
given right line. Shew also that if the point of contact be 
not given, and if the plane of section always contain a given 
point, the centre of the sphere C will always be upon a given 
paraboloid. 

62. If A, By C be extremities of the axes of an ellipsoid, 
and AC, BC he the principal sections containing the least 
axis, find the equations to the two cones whose vertices are 
Ay By and bases J? (7, AC respectively; shew that the cones 
have a common tangent plane, and a common parabolic sec- 
tion, the plane of the parabola and the tangent plane inter- 
secting the ellipsoid in ellipses, the area of one of which is 
double that of the other ; and if I be the latus rectum of the 
parabola, Z^, l^ of the sections AC, BC, prove that 

1 = 1 + 1 

63. Tangent planes are drawn to an ellipsoid from a given 
external point ; find the equation to the cone which has its 
vertex at the origin and passes through all the points of con- 
tact of the tangent planes with the ellipsoid. 

64. If tangent planes be drawn to an ellipsoid from any 
point in a plane parallel to that of (a?, y), the curve which 
contains all the points of contact will lie in a plane which 
always cuts the axis of z in the same point. 

65. Shew that the tangent plane to an ellipsoid is ex- 
pressed by the equation 

i» H- wy + mj as V(^ V + mV + nV). 
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66. Form the equation to the plane which passes through 
a given point of an ellipsoid, through the normal at that point, 
and through the centre of the ellipsoid. 

67. A line passing through a given point moves so that 
the projection of any portion of it on a given line bears a con- 
stant ratio to the length of that portion ; find the equation to 
the surface which it traces out. 

68. Find the length of the perpendicular from a given 
point on a given straight line in space. 

Investigate the equation to a right cone, having the axis, 
vertex, and vertical angle given ; and determine the condition 
under which the section made hj a plane parallel to one of 
the co-ordinate planes will be an ellipse. 

69. Determine the radii of the spheres which touch the 
co-ordinate planes and the plane x + t/ + z = h. 

70. An ellipsoid is intersected in the same curve by a 
variable sphere, and a variable cylinder ; the cylinder is 
always parallel to the least axis of the ellipsoid, and the 
centre of the sphere is always at the focus of a principal 
section containing this axis. Prove that the axis ot the cy- 
linder is invariable in position, and that the area of its trans- 
verse section varies as the surface of the sphere. 

71. Three edges of a tetrahedron, in length a, J, and c, 
are mutually at right angles ; prove that if these three edges 
be taken as axes, the equation to the cone which has the 
origin for vertex, and for its base the circle circumscribed 
about the opposite face, is 

and that the plane ax + ht/-{-cz = is parallel to the sub- 
contrary sections of the cone. 

Find the corresponding equations when either of the other 
angular points of the tetrahedron is taken as vertex. 
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72* Tangent planes to the surface whose equation is 

Jjass through a point P; prove that a sphere can be described 
through the curve of contact provided P be on a certain right 
line passing through the origin, 

73. A sphere touches each of two right lines which are 
inclined to each other at a right angle but do not meet ; shew 
that the locus of its centre is an hyperbolic paraboloid. 

74. Shew that by properly choosing the rectangular axes 
any two lines may be represented by the equations 



z = c y z^ — o ) 



Determine the locus of a point which moves so as always 
to be equally distant from two given straight lines. 

75. A tangent plane to an ellipsoid includes between itself 
and the co-ordinate planes a constant volume ; find the locus 
of the points of contact, 

76. A tangent plane to an ellipsoid passes through a 

. fixed point in one of the axes produced ; find the point of 
contact when the volume between this plane and the co-ordi- 
nate planes is a minimum. 

77. Prove that the locus of a point whose distance from 
a fixed point is always in a given ratio to its distance from a 
fixed line is a surface of revolution of the second degree. 

78. Two systems of rectangular axes have the same 
origin ; if a plane, or an ellipsoid whose centre is the origin, 
cut them at distances a, J, c, or a, ft', c , respectively, then 
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79. If a moveable line make with any number of fixed lines 
the angles 0^^ 0^, 0^j... so that 

cij cos 5j 4- a, cos 5, + a, cos ^^ + . . . = a constant, 

the lines all passing through a fixed point, and a , a^, a^, .., 
being constants ; shew that the moveable line will always lie 
on the surface of a right cone. 

80. Two prolate spheroids have a common focus. If 
their surfaces meet, the points of intersection will lie in 
a plane which passes through the line common to the di- 
rectrix planes. 

81. A cone passes through the principal section (J, c) of an 
ellipsoid ; shew that the other section is a curve in a plane 
perpendicular to that of (6, c) if the vertex of the cone be any 
point of the surface 

4."Z_ «. s= 1 

c a 

82. An ellipsoid is cut by a plane parallel to one of its 
principal planes; shew that all normals to the ellipsoid at 
points in tne curve of section pass through two straight lines 
situated in the other principal planes. 

83. An ellipsoid is constantly touched in two points by a 
sphere of given radius whose centre moves in one of its prin- 
cipal planes; find the. locus of the centre of the sphere, and 
shew that it will describe a portion of an equilateral hyperbola, 
if the plane in which it moves be that which contains the 
greatest and the least axes, and if the foci of the other prin- 
cipal sections be equidistant from the centre of the ellipsoid. 

84. An elliptic cylinder is cut by a plane passing through 
the straight line which touches the base at the extremity of its 
axis minor ; shew that, if the sine of the inclination of the 
cutting plane to the base do not exceed the excentricity of the 
base, the locus of the foci of the section will be a circle. 

85. Find the curves of intersection of the surface 

OCT/ + yz -\- zx = cf 
with planes parallel to x + y + z^O. 



r 
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86. If a sphere be placed in a paraboloid of revolution, 
shew that the section of the paraboloid made by any plane 
drawn touching the sphere is a conic section having the point 
of contact for a focus. 

87. Shew that any plane parallel to the planes of (a?, z) or 
(y, z) will meet the surface whose equation is xy = az in a 
straight line ; if a plane be made to pass through that line 
and touch the surface will the plane touch the surface in every 
point of the line ? 

88. Through any point of the curve of intersection of the 
surfaces 

^ + ^-^ = 1. x'+y' + z' = a' + b'-c\ 

two straight lines can be drawn on the former surface at right 
angles to one another. 

89. Prove that the plane z = mx + ny will cut the surface 

2 2 2 

in two straight lines which are at right angles to one another if 

90. Shew that an infinite number of straight lines may be 
drawn lying on the surface whose equation is 

a? y^ _4:Z 

If two such lines be drawn through a point in the plane of 
(ic, z) whose co-ordinates are {x, z') the angle between them is 

■^ g'-y + cg' 

cos a , la t / • 

. ar'{-o +CZ 

91. Prove that the points on the surface -• — lir = — , the 

^ a a" c 

straight lines through which coincident with the surface are at 

right angles to each other, lie in ^ plane parallel to the plane 

J* — a" 
of {x, y) and at a distance from it equal to . 
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92. Determine the condition necessary in order that the 
plane lx + my + nz = may cut* the cone ayz + bzx + cxy^O 
in two straight lines at right angles to each other ; and shew 
that in that case the straight line through the origin perpen-» 
dicular to the plane will also lie on the cone, 

93. Find the relations between the coefficients of the 
equation 

ax^ + hy^ 4- cz^ + "^dyz + ^Vxz + 2c'ya? + 2a"aj + 2 J"^^ + ^cz =/ 

that it may represent a surface of revolution. 

yo ^ cV , ^ dV 

If ~T-a = 0, -^-5 = 0, —, — c = 0, 

a c 

» 

what Is the nature of the surface? 

94. Determine the conditions that the equation 

aa? + %* + c^' + 2a'yz + 2b' zx + 2c'xy = 

may represent a right circular cone ; obtaining them in the 

form 

a'b' a"^b'^ ^ dd c^^-a!* ^ 
— + J- = 0, ~y + = 0. 

95. Find the relations between the coefficients of tlie 
equation 

^ + jy» + C3' + 2Vxz + 2c'yx + 2a x + 2V'y + 2c*' z =/, 
that it may represent a surface of revolution, 

96. Find the locus of the vertices of all right cones which 
have the same given ellipse as base, 

97. Find the axes of the section of the ellipsoid 

a o' c 
made by the plane 7a? + my + n« = 0. 
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98. The semiaxea of an ellipsoid are a, J, c ; if planes are 
drawn through the centre to cut it in sections which have the 

constant area -y-, shew that the normals to these planes 

will all lie upon the cone 

a^ («* -f) + jT (5* -/*) + ^ (o* -n = 0. 

99. On every central radius vector of the ellipsoid 

a? y* ^ , 
a c 

whose centre is C is taken a point P such that irTcCP is the 
area of the section of the ellipsoid made by the plane through 
G perpendicular to CP, where ife is a line of constant length ; 
shew that the equation to the locus of P is 

a V + by* + cz = , . 

100. The sum of the squares of the reciprocals of the 
areas of the sections of an ellipsoid made by any three diame- 
tral planes at right angles to each other is constant. 

101. An ellipsoid and hyperboloid are concentric and their 
principal sections are confocal ; if a tangent plane be drawn 
to the asymptotic cone of the hyperboloid, the section of the 
ellipsoid will be of constant area. 

102. A sphere and an ellipsoid which intersect are de- 
scribed about the same point as centre; prove that the 
product of the areas of the greatest and least sections of the 
ellipsoid, made by planes passing through the centre and 
any point of the line of intersection of the two surfaces wiH 
be constant. 

103. Find the area of the section of the ellipsoid 

^+2^ + ^-1 

2"^ 2.2*^ a-"? 

a iy 
made by the plane £» + my + n« = S. 
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104. Shew that the sections of a surface of the second 
order made hj parallel planes are similar curves. Having 
given the area of the section of an ellipsoid by the plane 
£c + wy + n« = 0, find the area of the section made hj the 
plane Ix + my + nz^S. 

105. If 8 be the area of a section of an ellipsoid made by 
a plane at the distance h from the centre, 8' that of the 

Sarallel section through the centre, and p the perpendicular 
•om the centre on the parallel tangent plane, shew that 

8 •■'- *' 



= «•(-?)• 



106. Tangent planes are drawn to an ellipsoid from a given 
point; shew that an ellipsoid similar to the given ellipsoid 
and similarly situated can be made to pass through the given 
point, the points of contact, and the centre of the given 
ellipsoid. 

107. Normals are drawn to the ellipsoid 

2 S 9 

« +1+1=1 
a Jr c 

at the points where it is intersected by the plane z = A. 
Shew that the locus of the intersection of these normals with 
the plane of (a;, y) is the ellipse 

108. All the normals to the ellipsoid in Ex. 107 meet the 
plane of (a?, y) within an ellipse whose equation is 

ax by 

5 oTo ~~ *• 



+ 



,3\3 



Determine what is represented by the following equations, 
from 109 to 116 inclusive. 

109. 5/- 23^ - z^ + Ixy -Qyz + ^xz-l = 0. 



SUBFACES OF THE SECOND OBDER. 17 

110. 2y^'-5a? + 2z*+ 10a?y + 4y« + 4y + 16« + 18 = 0. 

111. 4/- 9a;'+ 2a?y + 36a: - 8y - 4« - 32 = 0. 

112. y-4i»y + 4aj'-6a; + 3« = 0. 

113. a? -y* + a* - 4a^ + Qxz - 2y« =/. 

1 14. (ay - bx)* + (ca; - a;?;)' + ( J^? - cy)* =/. 

115. iry + a:« + y^-2a? + 6y-85J=/. 

116. a?y + yj3 + a?^ = a*. 

117. Find the centre of the surface 

(oty +^a; - 07)*= a^S (a?y - «•). 

118. Find the centre of the surface 

^ + y' + «* + 4:xy " 2xz -- Atfz + 2a;+ 4y — 2^? = 0. 

119. Find the centre of the surface 

a?+2f + 3z^+2{xtf + 7/z + xz) + x+y + z=: 1. 

120. Shew that the equation yz + zx + xi/^a* may be 
reduced to 

2a? ^ {y" + z") ^2a^ 

by transforming tte axes. 

121. Shew that the equation 

ixi^ •{• 1^ ■{■ z^ + xi/ + 7/z •{• zx = a^ 

represents an oblate spheroid whose polar axis is to its equa- 
toreal in the ratio of 1 to 2, and the equations to whose axis 
are a; = y = «. 

122. What is represented by the following equation ? 

a^ + y' + «* + k {xy +yz + zx) =/• 

123. If two concentric surfaces of the second order have 
the same foci for their principal sections they will cut one 
another everywhere at right angles. 

T. A. G. 2 
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124* Find the Ioca«f of the interaec^on of three planes at 
right angles to each other, each of which touches one of the 
following three Ellipsoids, 

a? y* s^ ^ a? y* ;?* 

^ ^ y" A. '' ^x 

T" i« . i ;» + « . ik ^ A- 



a^ + Jfc" 6- + )fc' c^^H-^ 

125. Determine the position of the circular sections of an 
hyperboloid of two sheets, and shew that the same plane will 
cut the asymptotic cone in a circle. 

126. If a?!, y^y z^ ; x^, y,, js^; as^^y^ s^he the co-ordinates 
of the extremities of a set of conjugate diameters of an 
ellipsoid, shew that 

^iyi+a?^»+^sys=^j i»x^i+a?j^»+a?8«8=0, yA+y,«,4-y8^,= 0. 

127. If spheres be described on three semi-conjugate 
diameters of an ellipsoid as diameters, the locus of their inter- 
section is the surface determined by 

128. A plane is drawn through the extremities of three 
semi-conjugate diameters of an ellipsoid ; find the locus of the 
intersection of this plane with the perpendicular on it from 
the centre. 

129. Tangent planes at the extremities of three conjugate 
diameters of an ellipsoid intersect in the ellipsoid whose 
equation is 

130. A prolate spheroid is cut by any plane through one 
of its foci ; prove that the focus is a focus ot the section. 
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131. Shew that the locus of the diameters of the ellipsoid 

a'"^P + ? = *' 

which ate parallel to the chords bieected by tangent planes to 
the cone 

-2 + ^-^ = 0, 18 the cone — X- + ^ - -^r *=0. 
(^ P T ah c 

132. If three straight lines at right angles to each other 
touch the ellipsoid 

of / «« , 

a b c 
and intersect each other in the point (a?', y', z) shew that 

133« Find the ^atest angle between the normal at any 
point of an ellipsoid, and the central radius vector at that 
point 

134. If 'four similar and similarly situated surfaces of the 
second order intersect each other, the planes of their inter- 
sections two and two all pass through one point. 

135. If three chords be drawn mutually at right angles 
through a fixed point within a surface of the second order 

whose equation is w = 0, shew that S -^ — will be constant 

where R and r are the two portions into which any one of the 
chords drawn through the fixed point is divided by that 
point. 

Prove also that the same will be true if Instead of the fixed 
point there be substituted any point on the surface whose 
equation is t^ = c. 

136. Let j= *^s=:- be the equations to a straight line; 

find the equation to a surface every point of which is at the 
same distance from this line as from the point (a, )8, 7) ; and 
shew that the plane Ix + my + n;? = S cuts the surface in 
a straight line. 

2—2 
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137. A and S are two similar and concentric ellipsoids, 
the homologous axes being in the same straight line ; G is 
a third ellipsoid similar to either of the former, its centre 
being on the surface of jB, and axes parallel to those of A 
or B; shew that the plane of intersection of A and G is 
parallel to the tangent plane to B at the centre of G 

138. If a parallelepiped be inscribed in an ellipsoid its 
edges will be parallel to a system of conjugate diameters. 

139. The edges of a parallelepiped are 2a, 2 J, 2c; shew- 
that an ellipsoid concentric with it and whose semidiameters 
parallel to the edges are a V2, b V2, c \/2, intersects the faces 
in ellipses which touch each other and the edges. 

140. Two similar and similarly situated ellipsoids are cut 
by a series of ellipsoids similar and similarly situated to the 
two given ones, so that the planes of intersection of any one 
of the series with each of the given ellipsoids make a right 
angle with one another. Shew that the centres of the series 
of ellipsoids lie on another ellipsoid. 

141. If pyramids be formed between three conjugate dia- 
metral planes of an ellipsoid and a tangent plane, so that the 
products of the intercepted portions of the three conjugate 
diameters may be the least possible, the volumes of all these 
pyramids will be equal. 

142. If from any point in an ellipsoid three straight lines 
are drawn mutually at right angles, prove that the plane 
which passes through their intersections with the surface 
passes through a point which is fixed so long as the original 
point is fixed. And shew that if the position of the original 
point on the surface is changed the locus of the point is an 
ellipsoid whose semiaxes are 



where 



a* 


-2i» 


b' 


-2)5? 


«?• 


-2/5^ 




a ' 




b ' 




c ' 




1 


1 


+ i + 


1 
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143. If two right circular cones wliose axes are parallel 
intersect, the projection of their curve of intersection on the 
plane passing through the axes is a parabola. 

144. An ellipsoid is cut hy a plane the distance of which 
from the centre "bears a constant ratio to its distance from the 
parallel tangent plane ; shew that the volume of the cone 
whose base is the section and vertex the centre of the ellipsoid 
is invariable. 

14^. Shew that by properly choosing oblique axes the 
equation to an ellipsoid may oe put in the form 

o'+y' + «* = «'*; 

shew that an infinite number of systems of suitable axes can 
be found.' 

146. Determine whether the equation to an hyperboloid 
of one sheet can always be put in the form 

by properly choosing oblique axes. 

147. A straight line revolving round an axis which it 
does not meet generates an hyperboloid. 

148. Prove that the equations to the principal axes of 
the surface 

aa? + hf + cz^+ 2a'yz + ib'xz + 2(!xy = 1 
are 

X [a! iji^a) -iV} = y {J> + J) - cV} «« {c' (/i + c) -dV] ; 
fi being determined by the equation 

(ji-k-a) ijL + h) (/A+ c) -a'» (fH- a) - 6'* (ji + 1) 
- c" (/A + c) + 2a'J'c' = 0. 

149. In an ellipsoid the sum of the lengths of three con- 
jugate diameters is greatest when the diameters are equal* 
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150. A surface of the second order circamscribes a tetra- 
hedron and each face is parallel to the tangent plane at the 
opposite angular .point; shew that the equation to the surface^ 
taking as oblique axes the three edges of the tetrahedron which 
meet in one of its angular points, is 

151. Shew that the centre of the surface in the preceding 
question coincides with the centre of gravity of the tetra- 
hedron. 

152. If two hyperboloids of one sheet have their corre- 
sponding axes equal and parallel, shew that they intersect in 
a plane curve, the plane of which is parallel to the diametral 
planes conjugate to the line joining their centres ; and find 
where it cuts this line. 

153. Shew that any plane which contains two parallel 
generating lines of an hyperboloid of one sheet passes through 
the centre of the surface. 

154. The points on an ellipsoid, the normals at which 
intersect the normal at a fixed point, lie on a cone of the 
second order whose vertex is the fixed point. 

155. Normals are drawn to an hvperboloid of one sheet 
at points lying along a generating line; shew that these 
normals are all parallel to a fixed plane. 

156. If one of the co-ordinates of an ellipsoid be produced 
so that the part produced equals the sum of the other two, its 
extremity will trace out a concentric ellipsoid whose volume 
is equal to that of the original ellipsoid. 

157. Investigate the conditions necessary in order that 
the equation 

OiX^ +^y +o«* + 2a yz + 2}>zx + 2c* xy = 

may represent two planes. 
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158. The equation ta a surface of the second order is 

oaf + iy* + 0^ + ^dyz + iVzx + 2c'a?y 

+ 2a 'a + 2 J'> -ir ^d'z +/=fe ;. 

shew that the diametral plane» will be parallel to a given 
line if 

and to a given plane if 

a^-Zcs^O, 5'*-ac=0, c''-a5 = 0. 

159. Find the line in which tiie two surfaces intersect 
whose equations are 

a? cos 2^j + y* cos 2^a + a* cos 20^ + 2a?y cos {6^ + ^,) 

+ 2i5a; cos {0^ + ^3) + 2zy cos (^^ + ^J = 0, 

0? sin 2^1 + / sin 2^3 + «' sin 2^3 H^ 2ay ain (^, -f- ^a) 

+ 2zx sin (^j^+ 0^ + 203^ sin (^, + ^J = 0). 

160. Shew that the cones determined by 

» (^i 4- ze—xa) _ y {zc + asa -^ yi): 

A "" B r 

_, y {zc + xa—yh) z {xa -f yb — zc) 

and ^ " ^^ ' 

intersect in the line determined by 

X V z 



Jl 



AiBb+Oc-Aa) JBiCc + Aa-Bb) GiAa+Bb-^Ccj' 
and find the other lines in which they intersect.. 

161. Find the eccentricity of any section of a paraboloid 
of revolution in terms of the angle of inclination of the cutting 
plane to the axis^ 

162. If through any fixed point chords be drawn to an 
ellipsoid, the intersection of pairs of tangent planes at their 
extremirties all lie in one plane. 
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163. Let >S be a fixed point, and EF^ LM two fixed 
straight lines ; take a point P such that if PQ be drawn 
perpendicular to EF to meet LM in Q^ then PQ may bear 
an invariable ratio to 8P\ shew that the locus of P will be 
a surface of the second order. Shew also that when SPy PQ 
are unequal, a section of the surface by a plane perpendicular 
to EF is a circle, and that when 8Py PQ are equal the surface 
has in general no centre. 



g O Q 

164. The equation — t^ + ^ = 1, bj 



varying c, repre- 

CL C 

sents a series of spheroidal surfaces. If normals be drawn to 
the spheroids from a fixed point in the axis of a?, their inter- 
sections with the surfaces will lie on the surface of a given 
sphere. 

165. An ellipsoid and hyperboloid of two sheets have the 
same principal diameters, both in magnitude and position. 
Let any tangent plane be drawn to the ellipsoid at a point P; 
this will intersect in general the hyperboloid in a plane curve, 
through which if there be drawn any three tangent planes to 
the latter surface thejr will meet in a point P which lies on 
the ellipsoid. Also if P' be the point of contact of a second 
tangent plane to the ellipsoid, P will be the intersection of a 
second set of tangent planes to the hyperboloid, drawn as 
before. 

166. The surface of an ellipsoid is represented by the 
equations 

a; = acosa, t/ = bcosfi, JS = ccoay; 

shew that tHe three lines whose direction angles are {a, ^, 7, &c.) 
corresponding to any system of conjugate diameters are per- 
pendicular to each other. 

If CP^, GP^y CP^ be drawn perpendicular to three con- 
jugate tangent planes 

cpy cpy GP;" a^^ b"^ (?' 

and if they cut the ellipsoid in points Q^^ Q^, Q3, respectively, 

1 . I , 1 1,1,1 



GP^ CQl " CPi GQl ^ GP^ GQ* a*^b*^ o* 
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167. A plane is drawn according to a certain assigned law 
cutting an ellipsoid ; find the locus of the vertex of the cone 
which touches the ellipsoid in the curve of intersection. 

If ayhfChe the semiaxes of the ellipsoid - + ^ + - = I, the 
equation to the cutting plane, a, ^8, 7, being connected by the 
relation "i + ;m + ;ni = constant, the locus is a sphere. 

168. Shew that the tangent lines to an ellipsoid firom an 
external point touch it in a plane curve, and find the equations 
to the curve. 

If the external point lies on a fixed plane, shew that the 
plane of contact passes through a fixed point ; determine its 
co-ordinates. 

If the external point lies on a fixed line, the plane of con- 
tact contains a fixed line ; determine its equatioui 

« 

169. If lines be drawn from any pf)int of the surface 

-i+^ + n — 75 = 0, to touch the surface -• H-fs H — = — 1 s= ; 

shew that the planes in which the curves of contact lie all 
touch the sphere a?" +^ + «* = &*. 

1 70. Shew that the right circular cylinders described about 
the ellipsoid 

2J being the mean axis, are represented by the equation 

± 2 V(a"- i') VCJ'-c*) xz = {a^^(?) h\ 

171. Three cylinders circumscribe a given ellipsoid; the 
axes of the cylinders are mutually at right angles ; shew that 
the sum of the squares of the areas of sections of the cylinders 
by planes respectively perpendicular to their axes is constant. 
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172. If lines be draws from tlie centre of an ellipsoid 
(whose senuaxes are a, ft, c) parallel to the generating lines of 
an enveloping cone, the conical cnir&ce Sso formed will inter^ 
sect the ellipsoid in two planes parallel to the plane of contact. 
The locus of the vertex of the enveloping cone which causes 
one of the planes to coincide with the plane of contact is 

~« "T' 7j "F "o ^'^ ^« 

a* V c* 

173. Of all cones which envelope an ellipsoid, have their 
bases* in the tangent plane at a given point JP, and are of the 
same altitude, that is the least which has its vertex in the 
diameter through P; and of all which have their vertices ia 
this diameter, that is the least whose axis is twice that 
diameter. 

174. If a globe be placed upon a table the breadth of the 
elliptic shadow east bv a candle (considered as a luminous 
point) will be independent of the position of the globe. 

175. In the preceding examnle, if an ellipsoid having its 
least axis vertical be substituted for the globe, determine the 
condition of the shadow of the globe being circular^ It maj 
be shewn that the locus of the luminous point must be an 
hyperbola, and that the radius of the circular shadow is inde- 
pendent of the mean axis of the ellipsoid. 

176. Of a series of cones enveloping an ellipsoid, the 
vertices lie on a concentric ellipsoid, similar to the given one 
and similarly situated. Prove that any two cones of the 
series intersect ojie another in two planes. 

177. Prove that if, in the preceding example, the vertices 
are supposed to lie also on a third ellipsoid concentric with the 
other two and similarly situated, and whose axes are respec- 
tively as the squares of theirs, these two planes are at right 
angles to one another. 

178fc A cylinder is circumscribed about an ellipsoid, and at 
the. extremities of the diameter parallel to the generating 
lines of the cylinder tangent planes are drawn : shew that the 
volume of all cylinders so shut in is constant. 



aUBFACfiS OF THE SECOND OBDEB. 27 

179. The locus of tbe vertex of a cone which envelopes a 
given ellipsoid (A) is a straight line passing through the 
centre of {A) ; an ellipsoid similar to A and similarly placed 
has the v^ex of the cone for centre and cuts the cone in a 
curve (jB). If the major axis of this ellipsoid vary as the 
distance of its centre from A^b, prove that the locus of ^ is an 
elliptic cylinder. 

180. Suppose a cylinder to envelope an ellipsoid, and sup- 
pose a tangent plane to be drawn to the ellipsoid at one 
extremity oi the diameter which is parallel to tna axis of the 
cylinder. Let a line be drawn from the centre of the ellipsoid 
to meet the ellipsoid, the above tangent plane, and the en- 
veloping cylinder ; and suppose r, s, t to denote the respective 
distances of the points of intersection from the centre of the 
ellipsoid. Shew that 

181. Suppose a cone to envelope an ellipsoid ; let E be 
the distance of the vertex from the centre of the ellipsoid, 2R 
the length of the diameter of the ellipsoid, which is in the 
direction of the line joining the centre of the ellipsoid with the 
vertex of the cone ; and suppose a tangent plane to be drawn 
to the ellipsoid at one extremity of this diameter. Let a line 
be draym nrom the centre of the ellipsoid to meet the ellipsoid, 
the above tangent plane, and the enveloping cone ; ana sup- 
pose r, s, t to denote the respective distances of the points of 
intersection from the centre of the ellipsoid. Shew that 

\Rt Esf Vi? BVV^ W 

182. Let 6 (x, y, «) = be the equation to a surface of 
the second order ; if tangent lines be drawn to it from the 
point (a, I3y 7), shew that the equation to the plane which 
contains all the points of contact is 

/ ^ dw , a\ du , , \du ^ 
2«+(a;-a)^+(y-/3)^+ (^-7)^ = 0, 

where w = ^ (a, ^8, 7). 



28 SUBPACES OP THE SECOND ORDEE. 

183. Let 6 (a?, y, «) = be tte equation to a surface of 
the second order ; then the equation to the enveloping cone 
which has its vertex at the point (a, fi, y) is 



2«|(.-«)«g+(^-/3)«^+(.-^) 



, cPu 



+^(«-«)(!'-«^+%-«('-»)^+2(»-*)(-«)0} 

where w =^ ^ (a, ^8, 7). 
Ex. Determine the enveloping cone of the surface 

from the point (a, S, c) as vertex. 

184. Let ^ (a?, y, «) =s be the equation to a surface of 
the second order; then the equation to the enveloping cy- 
linder which has its generatmg lines parallel to the line 
X y z . 

7- = ^=- IS 

L m n 

^'^\^ jt:^ +m j-^+w -3-^+2m»^-^ — h2mn , , +2m , , h 
( oar ay as' euray aya^; osao?) 

^fj — M ^^ -L ^**^* 
~ \ flJa: £?y &/ ' 

where u = <l){x, y, 2). • 

Ex. Determine the enveloping cylinder of the surface 

*c* ti z^ 

-J + 75 + -5= 1, which has its generating lines parallel to the 

a o c 
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185. Shew that the surface 

(oo? + Jy + C2J — 1)* + 2a ^2 + iVzx + 2c'a^ = 

touches the co-ordinate axes; and find the equation to the 
cone which has its vertex at the origin and passes through the 
curve of section of the surface by the plane through the points 
of contact 

186. Lines are drawn through the origin perpendicular to 
the tangent planes to the cone 

a:^ + J/ + cz^ + ^dyz + ib'zx + 2c'ajy = ; 

shew that they will generate the cone which has for its equa- 
tion 

+ 2 ( JV - da!) yz + 2 [ca! -^ IV) zx + 2 [dV ''Cc)xy^ 0. 

Shew also that if lines be drawn through the origin perpen- 
dicular to the tangent planes to the second cone they will 
generate the first cone. 
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III. Suffacea in general. 

187. If a sptere pass through the origin of co-ordinates 
and its centre is on the surface defined bj the equation 

the sum of the spherical surfaces cut off hj the co-ordinate 
planes is constant and =t 2ir£\ 

188. A straight line drawn from the centre of an ellipsoid 
meets the ellipsoid in P and the sphere on the diameter 2a 
in Q ; shew that the tangent planes at P and Q contain a 
constant angle a if the co-ordinates of P satisfy the equation 

189. If a straight line be drawn from the centre of an 

a^ t/* «* 
hyperboloid whose equation is -i + ^ — •, = ! to meet the 

surface in P, P', and a point Q be taken in CP produced 
such that GP^^l{QP+ QP), where Z is a constant, shew 
that the locus of Q is defined by the equation 






190. The shadow of a given ellipsoid thrown by a lumi- 
nous point on the plane which passes through two of the 
princijpal axes has its centre on the curve in which the same 

I)lane mtersects the elli|)soid ; shew that the equation to the 
ocus of the luminous point is 






191. If light fall from a luminous point whose co-ordi- 
nates are a, /8, 7, on a surface whose equation is oot/z = m", the 
boundary of light and shade lies on an hyperboloid of one or 
two sheets according as the product of a, )8, 7, is negative or 
positive. 
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192. Tangent plaiies to «q ellipeoid are drawn at a given 
distance from the centre; find the projections on the prin- 
cipal planes of the curye which is the locus of the points of 
contact. In what case will one of these projections consist of 
two straight lines? 

193. Shew that the surfaces whose equations are 

and (a?-c)'+y" + «*-a* = 0, 

touch one another ; and that the projection of the curve of 
contact on one of the co-ordinate planes is a circle, and on 
another a parabola, 

194. Two circles have a common diameter AB and their 
planes are inclined to each other at a given an^le ; on FP' 
any chord of one of them parallel to AB is described a circle 
with its plane parallel to that of the other circle ; shew that 
the surface generated by these circles is an ellipsoid the 
squares of whose axes are in arithmetical progression. 

195. Find the equation to the surface generated by 

straight lines drawn through the origin parallel to normals 

ex? i^ z^ 
to the surface -« + ?« + t = 1 at points where it is intersected 

of if^ s? 

by the surface %_ijt '^ ■l»\_i^ '^ '^i^ '^^^ ^ being greater 

than c and less than a. 

196. An ellipse of given excentricity moving with its 
plane parallel to the plane of (y, z) and touching at the ex- 
tremities of its axes the planes of (a;, y) and (a:, z) always 
passes through the curve whose equations are y = a;, cz = of\ 
find the equation to the surface generated, and determine the 
volume bounded by the surface and two given positions of 
the generating ellipse. 

197. Shew that the surface determined by 



_^f ax-Vly'\-cz\ 
\ax + Vy + cz) 



is cut by planes parallel to the plane of (aj, y) in straight 
lines. 
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198. A tangent line to the surface of the ellipsoid 

Q? V» z^ 
a 0^ c 

passes through the axis of «, and a given curve in the plane 
of (a?, y) \ shew how to find the equation to the surface gene- 

rated by it. Ex. The curve being -8+r2=wi', shew that 

the surface consists of two cones of the second order. 

199. Find the differential equation to the surface gene- 
rated by a straight line which passes through two given 
curves and remains parallel to the plane of (a?, y). Shew that 

the equation a? = (y — S) tan - represents such a surface. 

200. Determine the surface generated by a straight line 
which moves parallel to the plane of (a?, y), and passes through 
the axis of z and through the curve given by 

aj" y* ^* — 1 ^.L^ — 1 
or o (y ah 

201. Determine the surface generated by a straight line 
which moves parallel to the plane of (a;, y) and passes through 
the following curves (1) and (2) : 

^+J'=i, y=o (1), 

€v O 

8 S 

1+^ = 1, a? = ...(2). 

202. A surface is generated by a straight line which 
always passes through the two fixed straight lines 

y^mXy z^c\ andy = — ma?, z^ — c\ 

prove that the equation to the surface generated is of the 
form 

mcx --yz __ ^/ mzx— cy \ 
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203. If a surface be such that at any point of it a straight 
line can be drawn lying wholly on the surface and intersecting 
the a^is of z^ then at every pomt of the surface 

204. The general equation to surfaces generated by a 
straight line which is always parallel to the plane 

Ix + my + W2J = 0, 
\ dy) da? \ dy) \ dx) dxdy 



('+"1 



dzV d*z ^ 



205. Find the equation to the durface generated by a 
straight line which always passes through each of two given 
straight lines in space, and also through the circumference of 
a circle whose plane is parallel to them both, and whose centre 
bisects the shortest distance between them. 

206. A surface is generated by a straight line which 

OS ^~ /z fj '" b z " c 

always intersects the line — j — = = , and is parallel 

to the plane Xa? + yxy + i/a = ; find the functional equation 
to the surface ; also find the differential equation. 

207. Find the general functional equation to surfaces gene- 
rated by the motion of a straight line which always intersects 
and is perpendicular to a given straight line. 

If a surface whose equation referred to rectangular axes is 

a3i?+h/'+cz^+2ayz+2b'zx + 2c'xy + 2a"x + 2b"y+2c"z+l=^0 

be capable of generation in this manner, shew that 

208. Shew that xyz = c{a?—j^) represents a conoidal sur- 
face. 

T. A. G. 3 
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209. Shew that the condition in order that 

aof + V + C7? + 2a"a: + Wy + 2c";5 =/ 
may represent a conical surface is 

— + -r+— +/=0. 

a c '^ 

210. Shew that in order that the equation 
aa?'{'bf+cs^+ 2a'yz + 2b'zx+2cxt/ +2a"x + 2b'y-\-2c"z +/= 
may represent a cylindrical surface, it is necessary that 

^" 7." J* 

aa' - iV ^ Ji' - c V ^ cc' - a'b' "* 
Is this condition sufficient as well as necessary ? 

211. Explain the two methods of generating a develop- 
able surface; find the differential equation to developable 
surfaces from each mode of generation. 

212. Are the following surfaces developable? 

(1) xt/z=:a^; (2) z-'C = ^/{xy). 

213. Find the differential equation to a surface whose 
tangent plane at any point includes with the three co-ordinate 
planes a pyramid of constant volume ; shew that the surface 
is generally developable, the only exception being the surface 
determined by xyz = a constant. 

214. Find the equation to the surface in which the tan- 
gent plane at {x, y, z) meets the axis of ;s at a distance from 
the origin equal to that of (a;, y, z) from the origin. 

215. Find the equation to the surface in which the tan- 

gent plane at (a?, y, z) meets the axis of ;ar at a distance — ^ 

z 

from the origin. If n=l, give that form to the arbitrary 
function which will produce the equation to an ellipsoid. 

216. A plane passes through (0, 0, c) and touches the 
circle 

aj' + y'=a', « = 0; 

determine the locus of the ultimate intersections of the plane. 
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217. Three points move with given uniform velocities 
along three rectangular axes from given positions ; shew how 
to find the surface to which the plane passing through their 
contemporaneous positions is always a tangent. 

218. Spheres of constant radius r are described passing 
through the origin ; find the envelope of the planes of contact 
of tangent cones having a fixed vertex at the point (a, i, c). 

219. Find the locus of the ultimate intersections of a 
series of planes touching two parabolas which lie in planes 
perpendicular to each other and have a common vertex and 
axis. 

220. The sphere aj* +y' + 5?" = 2aa; + iby + 2c« is cut by 
another sphere which passes through the origin and has its 
centre on the surface 

shew that the equation to the envelope of the planes of inter- 
section is 

ax by cz 

221. From each point of the exterior of two concentric 
ellipsoids, whose axes are in the same directions, tangent 
planes are drawn to the surface of the interior ellipsoid ; shew 
that all the planes of contact corresponding to the several 
points of the exterior surface touch another concentric ellipsoid. 

222. From any point P in the surface of an ellipsoid 
straight lines are drawn so as each to pass through one of 
three conjugate diameters, and be parallel to the plane contain- 
ing the other two ; these straight lines meet the surface again 
at P^yF^^ P^\ find the eauation to the plane which |)asses 
through these points, and the locus of the ultimate inter- 
sections of all such planes, the diameters remaining fixed 

3 

while P moves ; and shew that its volume = — of that of the 

ellipsoid. 

3—2 
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223« A cone envelopes the ellipsoid 
and its vertex moves on the similar ellipsoid 
shew that the plane of contact touches the surface 

224. A sphere is described having its centre at a point on 
the surface oi an elliptic paraboloid, and its radius equal to the 
distance of the point from a fixed plane perpendicular to the 
axis of the paraboloid : determine the envelope of all such 
spheres. 

225. One axis of an ellipsoid is gradually increased while 
the volume remains constant, and the section containing the 
other axes similar ; find the enveloping surface. 

226. Shew that an infinite number of plane centric sections 
of an hyperboloid of one sheet may be drawn, each possessing 
the following property, viz. that the normals to the surface at 
the curve oi section all pass through one or other of two 
straight lines lying in the same plane with the two possible 
axes. 

Shew that these centric planes envelope the asymptotic 
cone. 

227. Shew that the envelope of a sphere of which any one 
of one series of circular sections of an ellipsoid is a diametral 
plane, is another ellipsoid touching a sphere described on the 
mean axis of the former ellipsoid as diameter, in a plane per- 
pendicular to the straight line which passes through the cen- 
tres of the series of circular sections, 

228. Find the envelope of a sphere of constant radius 
having its centre on a given circle, and determine the section 
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by a tangent plane to the envelope perpendicular to the plane 
of the circle. 

229. From every point of the surface 

^ {h?+ Vf) + IV (0?*+/) =0 (I), 

as vertex enveloping eones are drawn to the paraboloid 

lVz--{h?'¥Vf)^0 (2). 

Shew that the planes of contact all touch the surface 

^ (ix? + Vf) - (Z V + Z Y) = 0. 

Also shew that the surface (1) contains the directrices of all 
the sections of (2) made by planes through its axis. 
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IV. Curves. 

230. A curve is determiiicd by the equations a: + « = a, 
and a^ + y* + «" = a" ; find the points where the tangent makes 
an angle )9 with the axis of z. 

231. Find the equations to the tangent to the curve 

a? v^ z^ Q? 1/" 7? 

a' if c a 6 c 

232. Find the equations which determine the tangent to 
the curve 

y* = oa? — o:^, j5* = Or* — ax. 

233. Find the equations to the curve traced out on the 
surface 

a 

by the extremities of the latera recta of sections made by 
planes passing through the axis of z. 

234. Having given the equations to a curve in space 
referred to three rectangular axes, find the length of the per- 
pendicular from the origin upon the tangent at any point 

Ex. a5 = acosd, y = asind, « = 5"(e* + e~^. 

Shew that if the perpendicular be invariable either the 
curve or its involute lies on the surface of a sphere. 

236. A perpendicular is drawn irom the origm on the 
tangent to a curve at the point (a?, y, z). If a?', y\ z are the 
co-ordinates of the foot of the perpendicular, shew that 

, dx f dx , dy dz\ 

, dy ( dx dy dz\ 

, dz ( dx dy dz\ 
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236. Shew how to determine the locus of the feet of the 
perpendiculars from the origin upon the tangent lines to & 
given curve. 

The equations to the curve being a? = a cos 5, y=-a&m6, 
z = cd^ shew that the locus is a curve lying on the surface 

237. A curve iS traced oti a sphere so that its tangent 
makes always a constant angle with a fixed plane ; find its 
length from cusp to cusp. 

238. Find the equation to the normal plane to a curve 
at any proposed point; if the normal plane always passers 
through a nxed straight line, shew that the curve is a circle. 

239. Find the direction cosines of the straight line in 
which the normal plane at any point of a curve meets the 
osculating plane at that point. 

240. Find the equation to the osculating plane at any 
point of the curve 

x=^a cos tf y = i sin t^ z ■= ct. 

241. If (x, y, z) be any point on a curve, shew what 
plane is represented by the equation 

(-'-)$+(y-y)g+(.'-.)g=i. 

242. Find the value of the radius of absolute curvature 
from the consideration that it is the perpendicular from 
{x, y, z) on the plane in the preceding example. 

243. Find the radius of curvature of the curve 

1 + 1 = 1, ^ + ^ = a\ 
at any point. 

244. Determine the radii of absolute and spherical curva- 
ture and the co-ordina1^s of the centres in the case of a helix. 

245. Find the radius of absolute curvature at a given 
point in the curve determined by 

x^acosO, y = Jsin^, z = c0. . 



M 
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246. Required the locus from which three given spheres 
will appear of equal magnitudes. 

247. A triangular pyramid upon a given base is such 
that given lengths being measured along the three edges 
from the base the remainders of the edges are always equal 
to one another ; shew that the locus of the vertex is a conic 
section. 

248. A point moves on the cone y'-f 2* = «»V so that 
the tangent to its path is inclined to the axis of the cone at a 
constant angle ^ ; shew that the locus of the point is deter- 
mined by the equation to the cone together with the equation 

Jc log - = sin"^ "^ , 
^ c mx 

where h = — — , and o is a constant. 

249. Shew that a curve drawn on the surface of a right 
cone so as to cut the generating lines at a constant angle is a 
curve of constant inclination to the base of the cone, and that 
the consecutive distances between the points at which it cuts 
any one generator are in geometrical progression. 

250. From the vertex of a right cone two curves are 
drawn on the surface cutting all the generating lines at con- 
stant angles which are complementary ; shew that the sum of 
the inverse squares of the arcs intercepted between the vertex 
and a given circular section is independent of the magnitudes 
of the complementary angles. 

251. Find the curves of greatest inclination to the co- 
ordinate planes on the surface of which the equation is 

252. Find the curves of greatest inclination to the plane 
of (a?, y) on the surface cz =iry. 

253. Tangent planes are drawn to the surface cz = xy at 
all points where mis surface is interftected by the cylinder 
of ^ ay I find the equations to the edge of regression of the 
developable surface formed by the intersection of these tan^ 
gent planes. 
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254. Find the angle between tl^e osculating planes at two 
consecutive points of a curve, 

255. The shortest distance between the tangents at two 

consecutive points of a curve of double curvature is ^ , 

where & is the length of the arc between the two points, 8^ 
is the angle between the osculating planes at the two points, 
and p is the radius of absolute curvature. 

256. Shew that the edge of the developable surface 
formed by the locus of the ultimate intersections of normal 
planes of a curve of double curvature is the locus of the 
centres of spherical curvature of the curve. 

Find the locus of the centres of spherical curvature of a 
helix. 

257. Find the equation to the surface on which are found 
all the evolutes of the curve a? = aZy x=y. 

258. Shew that the curve represented by the equations 

V^ + Vy + V« = c ; 
is cut perpendicularly by each of the series of surfaces 

«• -f (/A - 1) y* = /to;*, 

ft being an arbitrary parameter. 

259. A curve is traced on a surface ; shew that the radius 
of absolute curvature at any point of this curve is the same as 
the radius of curvature of the section of the surface made by 
the osculating plane of the curve at that point. 

260. A curve is traced on a sphere ; shew that generally 
the radius of the sphere is the radius of spherical curvature 
of the curve ; but that this does not hold if the curve be a 
j>lane curve^ or plane for an indefinitely short period at any 
point. 
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261. If the normal plane of a curve constantly touclies 
a given sphere the curve is rectifiable* 

262. If {x\ y\ z') be the point in the locus of the centres 
of curvature corresponding to the point (a;, y, z) on a curve, 
p the radius of curvature at (a?, y, ^), and s the arc of the 

above locus, shew that -^ is the cosine of the angle between 

the tangent at {x\ y\ z*) and the direction of p. 

263. Find the equation to the surface on which lie all the 
evolutes to the curve formed by the intersection of the surfaces 
y^ = 4a (a?H- is), «' = 4a (a? + y) ; and determine the equations 
to that evolute which cuts the axis of a? at a distance la from 
the origin. 
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V. Curvature of Surfaces. 

264. Determine the conditions necessary in order that the 
surfaces whose equations are 

ax^ + hf + cz^ + 2at/z + 2Vzx + ^cxj/ + 2^3-0, 

Aa^ + Bf + Cz'+ 2Ayz+2B'zx-\-2G'xy + 2^ = 0, 

may have their principal radii of curvature at the origin 
equal; and shew that if these conditions be fulfilled any 
sections of the two surfaces parallel to the plane of (a?, y) will 
be similar* 

265. Obtain the quadratic equation for determining the 
principal radii of curvature at any point of the surface 

and find the condition that the principal curvatures may be 
equal and opposite. 

266* The locus of the points on the hyperboloid 

for which the principal curvatures are equal and opposite, has 
for its projection on the plane of {x, y) the ellipse 

267. Shew that the principal radii of curvature are equal 
in magnitude and opposite in sign at every point of the sur- 
face determined by 

2j = (v — J) tan -. 

a 

268. The trace on the plane of (y, z) of the locus of the 
extremities of the principal radii of curvature of the ellipsoid 
whose equation is 

a? j^ s? 

a o c 
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is given, by the equation 

269. Among the surfaces included in the equation 

dz dz 

find that in which the principal radii of curvature are equal 
but of opposite sign. 

270. Find the surface of revolution at every point of 
which the radii of curvature are equal in magnitude and op- 
posite in sign. 

271. If a, h be the principal radii of curvature at any 
point of a surface referred to the tangent plane at that point 
as the plane of (a;, y) and the principal planes as planes of 
(a?, z) and (y, z), then will the locus of the circles of curva- 
ture of all normal sections of the surface at the origin be 

{x^+f + z'){^^-y^^2z[a?-\^f). 

272. Find the radius of curvature in any normal section of 
the surface 

Aa?^-Bf+C^-{-2A'yz + 2B'zx + 2G'xy + Ez^0, 

at the origin ; and shew that the sum of the reciprocals of the 
radii of curvature in sections at right angles to each other is 
constant. 

273. Required the sum of the principal radii of curvature 
at any point of a curved surface in terms of the co-ordinates of 
that pomt. 

The equation to the surface being /(oj, y, z) = 0, express the 
result by partial differential coefficients of/ (a?, y, z). 

274. If r=f(0, <!>) be the equation to a surface referred 
to the tangent plane at the origin as the plane of (x, y), then 



CUEVATUBE OP SURFACES. 45 

the radius of curvature at the origin of a normal section 
inclined at any angle ^ to the plane of (a?, z) is 

= — - limit of j3 when = — • 
2 (w 2 



a 



Ex. In the surface xy^az. shew that pa« . ^ . . 

^ ' '^ sin2<^ 

275. If the surface (a? — a)' + (y — 5)' =^{z — c)* have con- 
tact of the second order with the surface z=f{x,y)^ shew 
that the relations . 

r t 8 

must be satisfied at the point of contact. 

276. At either point at which the surface 

meets the axis of z^ an elliptic paraboloid may be found, 
which has at its vertex a complete contact of the third order 
with the surface. 

277. Find the radius of curvature of a normal section of 
a spheroid made by a plane inclined to the meridian at any 
given angle. 

278. Shew that the locus of the focus of an ellipse rolling 
along a straight line Is a curve such that if it revolves about 
that line, the sum of the curvatures of any two normal sec- 
tions at right angles to one another will be the same for all 
points of the surface generated, 

279.' In any surface of the second order the tangents to 
the lines of curvature at any point are parallel to the axes of 
any plane section parallel to the tangent plane to the surface 
at that point. 

280. Obtain the differential equation to the projection on 
one of the co-ordinate planes of the lines of curvature of a 
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surface. Apply the equation to determine the Knes of curva- 
ture of a surface of revolution. 

281. Determine the lines of curvature on the surface 

xy = az. 

% 

282. Find the radius of curvature of any normal section 
of a surface at a given point. 

If y' — y = 7W (a?' — x) be the projection on the plane of (a;, y) 
of the tangent line to the curve of section, shew that the 
values of m corresponding to the principal sections of the 

surface ^=fl-\ at the point (a?, y, z) are 

X y-^q^z 

283. The links of a chain are circular, being of the form 
of the surface generated by the revolution of a circle whose 
radius is one inch about a line in its own plane at a distance 
of four inches from the centre ; apply Euler's formula for the 
curvature of surfaces to shew that if one link be fixed,, the 
next cannot be twisted through an angle greater than 60® 
without shortening the chain. 

284. An annular surface is generated by the revolution of 
a circle about an axis in its own plane ; shew that one of the 
principal radii of curvature at any point of the surface varies 
as the ratio of the distance of this point from the axis to its 
distance from the cylindrical surface described about the axis 
and passing through the centre of the circle. 

285. If />, p be the greatest and least radii of curvature 
of a curve surface at a given point, ^, >/r the angles which the 
normal to the surface at the given point makes with the axes 
of X and y, shew that 

- + -7 = -— cos 6 + -y- cos -Or. 

p p dx dy ^ 

286. Define an umbilicus. In what sense do you under- 
stand that there is an infinite number of lines of curvature at 
an umbilicus ? And from this consideration deduce the partial 
differential equations which exist at such points. 
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287. Shew that in the surface 

^ (^) + X (y) + f{^) = 0, 

if <f>' (x) = X (y) = yfr" [z) at any point, that point is an um- 
bilicus. 

288. Find the umbilici of the surface 

289. Find the umbilici of the surface cct/z = a\ 

290. Shew that the radius of normal curvature of the 
surface xyz = a' at an umbilicus is equal to the distance of 
the umbilicus from the origin of co-ordmates. 

291. A sphere described from the origin with radius 
will touch the surface 



ac-\-ab + bc 



in points which are umbilici. 

292. Shew that a sphere whose centre is at the origin and 
whose radius r is determined by the equation 

m an an >n 

will touch the surface 

at umbilici ; and the radius of normal curvature of the surface 
at these points is . 

293. Determine whether there is an umbilicus on the 
surface 

ix' + y' + zy^ia'{x' + y'). . 
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294. If B be the radius of absolute curvature at any point 
of a curve defined by the intersection of two surfaces u^ = 0, 
u^ = 0, and r^, r, be the radii of curvature of the sections of 
u^ = 0, Wj = 0, made by the tangent planes to u^ = 0, u^=^ 0, 
respectively at that point, shew that jB, r^, r^ will be con- 
nected by the relation 

11 2C03g 1_ 

being the angle between the tangent planes. 

295. Two surfaces touch each other at the. point P; If the 
principal curvatures of the first surface at P be denoted by 
a±bj those of the second by a ± V, and if -cr be the angle 
between the principal planes to which a + 5, a' + J', refer, 
and h the angle between the two branches at P of the curve 
of intersection of the surfaces, shew that 

296. Shew that at any point of a developable surface, the 
curvature of any normal section varies as the square of the 
sine of the angle which this section makes with the gene- 
rating line, and that at difierent points along the same gene- 
rating line the principal radius of curvature varies as the 
distance from the point of intersection of consecutive genera- 
ting lines. 

297. A surface is generated by the motion of a straight 
line which always intersects a fixed axis. If P be any point 
in this axis at a distance x from the origin, <f> the angle which 
the generating line through this point makes with the axis, 
and yfr the angle which the plane through the axis and the 
generating line makes with its initial position, shew that the 
principal radii of curvature at P are 

^ <f) dx , . d> dx 

298. The shortest distance between two points on a curved 
surface never coincides with a line of curvature unless it be a 
plane ciyrve. 
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VI. Miscellaneous Examples* 

299. Find the condition that muBt hold in order that the 
equations 

ax + c'y + Vz = 0, Jy + d'z + c'x = 0, cz + h'x + ay = 0, 

may represent a straight line ; and shew that in that case the 
straight line is determined by the following equations : 

X {aa' - Vc) = y {hV - c'a') -^z^cc- dV) . 

300. Shew that the six planes which bisect the interior 
angles of a tetrahedron meet in a point. 

301. Shew that the three planes which bisect the exterior 
angles round one face of a tetrahedron and the three planes 
which bisect the interior angles formed by the other three 
faces meet in a point. 

302. If a = 0, )8 = 0, 7 = 0, S = be the equations to the 
faces of a tetrahedron expressed in a suitable form, -4, -B, 
O, D the areas of the respective faces, shew that 

A%-\- B^ + CV + i)S = a constant* 

.i 

Interpret ^a+^+Oy=*0. 

303. If a = 0, )8 = 0, 7 = be the equations to three 
planes which form a trihedral angle, the equation to a cone 
of the second degree which has its vertex at the angular point 
and touches two of the planes at their intersections with the 
third, is 7* — koip = 0. 

304. Give the geometrical interpretation of the equation 
uu s= hvv\ where jfe is a constant, and the other lettiers denote 
linear ftmctions of a?, y, z. Hence shew that there must exist 
surfaces of the second order which contain straight lines. 

305. If Wj = 0, 1*2 = 0, w, = be the equations to three 
planes, interpret the equation 



v/e)V©v©=«- 



1". A. G. 
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306. Also interpret Auju^ + Buju^ + Cu^u^ = 0. 

307. If u, V, vj are linear functions of x, y, z shew that 
uv = to* represents a conical surface ; and shew that the equa- 
tion to the tangent plane is \*u — 2\w + 1? = 0, 

308. Let V = be the equation to a surface of the second 
order ; u^=^0 and t^^ =s the equations to two planes ; shew 
that hj giving a suitable value to the constant X the equation 
V + \u^u^ = will represent any surface of the second order 
which passes through the intersections of the two planes with 
the given surface, 

309. If < = 0, w = 0, t? = 0, W7 = be the equations to four 
given planes, and X, ^, be two arbitrary constants, shew that 
t + \u = represents a plane which passes through a fixed 
straight line, ^ +Xw + /it; = a plane which passes through a 
fixed point, and tw + fjuuv = a surface of the second order 
which contains four fixed straight lines. 

310. If the equation to a surface of the second order be 
t*j + 2Wj + 1 = 0, where u^ and u^ represent the terms of the first 
and second order respectively, and tangent planes be drawn to 
the surface from any point of the plane determined by 
1^^ + 1 = 0, the planes of contact will all pass through the 
origin. 

311. If a, /9, 7, S be the distances of any point from the 
faces of a tetrahedron, shew that the general equation to a 
surface of the second order circumscribing the tetrahedron is 

^a/3 + 5a7+Ca8+i)/37+JSJ38 + JFV8 = 0. 
Determine the condition necessary in order that the straight 
line -« = —=:- may touch the surface ; and hence shew that the 
equation to the tangent plane at the point (a = )3 = 7 = 0) is 

Ca-^Efi + Fy^O. 

312. If A, Bf CyDhe the angular points of a tetrahedron ; 
^i fi) 7> ^ ^^^ distanCses of any point. from the faces respectively 
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opposite to them, shew that the general equation of the 
hyperboloid of one sheet of which -45, CD are generating 
lines is 

Iwy + ma.h + npy +pfiB = 0. 

313. Interpret w* + 1?* + «?* = a, where w, v, to are linear 
innctions of {x, y, z) and a is a constant. 

314. Interpret w' + 1;' — 1(?' = a. 

315. Interpret w* + v' = a. 

316. Interpret w' — v* = a. 

317. Interpret \j? = a. 

318. Interpret w' + v' + w = 0. 

319. Interpret w' — t?" + t(? = 0. 

320. Interpret u^+v =0. 

321. Interpret ^ constant. 

322. Interpret ^ = constant. 

323. Interpret r = constant. 

324. Interpret ^(^)=0. 

325. Interpret F (0) = 0. 

326. Interpret F (r) = 0. 

327. Interpret F{r, 5) = 0. 

328. Interpret F (r, <f>) = 0. 

329. Interpret F {0, if>) = 0. 

330. Describe the form of the surface represented hj 

331. Interpret r = a cos 6. 

332. Shew that the polar equation to a plane may be put 
in the form - = cosacos^ + sinasin^cos (A — )3). 

T 

4—2 
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833. If p be the perpendicular from the origin on the 
tangent plane at any pomt of the surface r ^f{6^ <f>) 

j^ _ 1 1 /^Y cosec' fdrV 

334. Shew that the polar partial differential equation to 
conical surfaces with the origin as vertex is 

dd> - dO ^ 

dr ' dr 

335. Shew that the polar partial differential equation to 
surfaces of revolution is 

d<l> ^ 

336. Shew that the polar partial differential equation to 
cylindrical surfaces is 

di* 
sin ^ -1^ + ^ cos ^ = 0. 

337. Find the volume of a pyramid which has its vertex 
at the point (a?, y, «), and for its base the triangle formed by 
joining the points where the plane 

a o c 

meets the co-ordinate axes. 

338. Demonstrate the formulae for transforming from one 
set of rectangular axes to another. Shew that all six axes 
lie on a certain cone of the second order. 

339. If two systems of rectangular axes have the same 
ori^n, and (a^, b^, cj, (a,, J,, c,) (ag, Jj, c^ be the direction 
cosmes of one system with respect to the other, shew that 

340. Find the siie of a cube which will stop up a tube of 
uniform bore, the section of which is a regular hexagon whose 
sides are given. 
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341. The stereographic projection of a cube on a plane per- 
pendicular to its diagonal (the pole being in the diagonal pro- 
duced) is an equilateral hexagon, whose angles are alternately 
greater and less. If the pole of projection be at a distance 
from the cube equal to its diagonal, tne sines of two adjacent 
angles of the hexagon are as 8 to 5. 

342. A cube being placed with one face in contact with a 
given plane, determine the position of a luminous point such 
that the shadow cast on the plane shall be an equilateral pen- 
tagon of which the diagonal of the above face is one side, 

^ 343. Find the locus of the centres of the sections of a 
surface of the second order made bv planes which all pass 
through a fixed straight line. 

344. Find the locus of the middle points of all chords 
drawn in a surface of th^ second degree, the length of each 
chord varying as the diameter parallel to it. 

345. From diflferent points of the straight line - = y , 9 = 0, 
asymptotic straight lines are drawn to the hyperboloid 

t 9 9 

shew that they will all lie in the planes 

346. Common tangent planes are drawn to the ellipsoids 

a?* w* 0* -y of if ^ 

^•f|+^«l, andjj+|i + ^«l5 

shew that the perpendiculars upon them from the origin lie in 
the surface of the cone 

347. Determine what must be the, form of a column in 
order that it may appear tp be of uniform thickness to an 
observer in a given position. 
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348. If the section of the surface whose equation is 

aa?'+Jy"+c«'+ 2a'y«+ iVzx + 2c'ay + 2a"a;+2&"y+2c"« +/= 0, 

by the plane whose equation is 

& + my + nz = j> 
l^ a rectangular hyperbola, then will 

P(& + c) + m'(c+a) + 7i*(a + &) = 2a'wn + 2&W+2c7w. 

349. If the section of the surface a?y +y« + «aj = a* by the 
plane 2b; + my + n^; «= S be a parabola, then will 

P + m' + »^ - "Imn - 2wZ - 2Zm = 0. 

350. Shew that the asymptotes of any plane section of an 
hyperboloid are parallel to the straight lines in which the 
asymptotic cone is cut by the parallel central plane. 

351. Two hyperboloids of one and two sheets respectively 
have the same asymptotic cone ; shew that the sections of the 
hyperboloid of one sheet by tangent planes to the other hy- 
perboloid will be ellipses of constant area if the points of 
contact lie on the curve of section of the surface by a certain 
concentric ellipsoid whose axes are in the ratio of the squares 
of the axes of the hyperboloids. 

352. Through two straight lines given in space two planes 
are drawn so as to be at right angles ; find the locus of their 
intersection. 

353. A surface is generated by the intersection of planes 
cutting the axes of co-ordinates at distances from the origin 
equal to the respective co-ordinates of each point of the ellip- 

soid -5+^ + -5 = l; if the surface so generated be treated as 

the ellipsoid and the process repeated n times, the equation 
to the 7^ surface will be 



<t^'t<t-^ 
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354. A surface is generated hj a variable circle whose 
plane is parallel to x + y — 0, and which always passes 
through the axes of a? and y and the line y = a?, z = c; find 
the equation to the surface. Also find the volume between 
the origin and the plane x+y^c. 

355. Two equal parabolas have their common vertex at 
the origin, their axes coincident with the axis of x in opposite 
directions, and their planes coincident with the planes of {x, y) 
and (a?, z) respectively; a straight line is drawn intersecting 
these curves and parallel to the plane y = z) find the locus of 
its trace on the plane of (y, z), 

356. Explain the nature of the surface defined by the 
equation 

' ^ ■ ' " " ■ 4 






near the points where it meets the hyperboloid 

in the several cases in which m is > = or < !• 

357. Planes are drawn perpendicular to the tangent lines 
to the surface /(a;, y, «) = at a point (a:, y, z) in it ; shew 
that if at that point 

dx * dy ^ dz 

da? ^"'dydz ' 

the locus of the ultimate intersections of the planes is the 
cone 

(t;w?-w'^(f-aj)' + ... + 2(t?V- W) (i7-y)(?-«) + ... = 0. 

358. Shew that the normal cone at a singular point of the 
surface 

(a;»+y»-hi3')(aV+jy+cV)-a»(J»+cV-5X<5'+«V-c'(«'+*')^' 



. . • 



1 
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has for its equation 



ca 



V(a' - i') V(J' - c') (?- «J (? - «o) - 0. 



where a,-£^^(^Z^ v -0 ^ ^ «V(^'.-^ 

are the co-ordinates of the singular point. 

359. If /(a;, ^, ^j, c) = represent a system of surfaces for 
which is a variable parameter, shew how to find the locus 
of the points of contact of tangent planes to each one of the 
system, each tangent plane passing through a fixed point. 

Ex. oj' +^ = 2c (« — c), each of the tangent planes passing 
through the origin, 

360. If PN be the normal at the point P of any surface, 
a, b the principal radii of curvature at P, r the radius of cur- 
vature of the normal section made by a plane inclined at an 
angle 6 to the principal section to which a refers, PQ = « an 
indefinitely small arc in this section, prove that if I) be the 
minimum distance of the normals at P and Q, c the distance 
from P of their point of nearest approach 

y^ sin' g cos' g (g - Z>) V qi (&cos'g + a8in'.g) 

^^ 6«cos*5 + a»sin»^ ' ^^ b'cos!'0 + d'ain'e * 

Express also — , and c in terms of a, b and r. 

r 

361. A family of surfaces is defined by the equation 

F{x, y, 0, a, (f){a), -^(a)} = 0, 

where a is a variable parameter and <f>{a) and '^(a) arbitrary 
functions of a ; shew how to find the partial differential equa- 
tion of the second order which belongs to the envelope, and 
prove that it assumes the form 

rt-s^ + Pr-^-Qs+Bt+S^O, 

where P, Q, jR, 8 are functions of a?, y, z, j> and j. 
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362. If the equation to a system of surfaces contains an 
arbitrary parameter, shew that a curve can always be found 
which cuts them all at right angles. 

363. Find the equations to a curve which cuts at right 
angles a series of ellipsoids which have their axes fixed in 
position and two of them of given length. 

364. Shew that the section of a surface made by a plane 
parallel and indefinitely near to the tangent plane at any 
point in the immediate neighbourhood of that point is gene- 
rally a conic section ; and explain fully the peculiarity of the 
surface near a point where this conic section becomes two 
parallel straight lines. 

365. Shew how to determine whether a curved surface has 
a tangent plane which touches it along a line. Examples : 

0) (aj^ + y' + «T-4a^(a^+3^). 
(2) h'z={x^ + yy^a'{x'+y'). 

366. The extremities of the minor axis of the elliptic sec- 
tions of a right cone made by parallel planes lie in two gene- 
rating lines of the cone. 

367. Shew how to cut from a given right cone an hyperbola 
whose asymptotes shall contain the greatest possible angle. 

368. What is the section of a right cone by a plane when 
the cutting plane is parallel to a generating line, but not per- 
pendicular to the plane containing the axis and that line ? 

369. If two spheres exterior to each other be inscribed in 
a right cone touching it in two circles on the same side of 
the vertex, and a plane be drawn touchiiig the spheres and 
cutting the cone; shew that the section is an ellipse, that 
the points of contact of the spheres with the plane are the 
foci, and that the planes of the two circles contain the direc- 
trices. 

370. A conical surface is placed with its circular base in 
contact with a plane. It is then slit along a generating line 
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and the vertex pressed in a direction perpendicular to the 
plane, the base remaining in contact while the surface opens 
out ; shew that the extremities of the separating edges trace 
hyperbolic spirals. 

^ 371. A triangle ABC revolves about a straight line which 
bisects the angle -4, and the conical surface generated by the 
sides containing that angle is cut by a plane passing through 
the other side and perpendicular to the plane of the triangle 
in one of its positions ; shew that if 6 be the excentricity of 

the section, e' = - 



a* 



372. If the cone a' + y' = a? (ma; + nz) cut any sphere 
which has its centre at the origin, shew that the projection 
on the plane of (a?, z) of the curve of intersection is an hyper- 
bola which has its centre at the origin. 

373. A straight inelastic band is wrapped smoothly on 
the surface of a cone ; shew that however long it may be, the 
two ends of either of its edges cannot be niaae to meet, if the 

vertical angle of the cone be greater than 60\ 

• 

374. Shew that an oblique cone on a circular base can be 
cut by a plane not parallel to the base, so that the section 
shall be a circle. Shew that the cone so cut off is similar to 
the whole cone. 

375. If /(a?, y, «) =0 be the equation to any surface 
which passes through the origin, and ^ (a;, y, z) the sum of 
all the terms of lowest dimension in/(a?, y, «), shew that 
<^ (a;, y, z) = is the locus of all the tangent lines at the 
origin. 

376. Find the surface which touches at the origin the 
surface whose equation is 

{x' + y" + «" + 2axy -'4:{c'- a') (y" + «*) = ; 

and shew that as a diminishes and ultimately vanishes, the 
tangent cone contracts and ultimately becomes a line, and 
that as a increases up to c it expands and finally becomes a 
plane. 



MISCELLANEOUS EXAMPLES* 59 

377. A Circle always touches the axis of z at the origin, 
and passes through a fixed straight line in the plane of (a?, y) ; 
find the equation to the surface generated. Shew that the 
origin is a singular point, and that in its immediate neigh- 
bourhood the surface may be conceived to be generated by a 
circle having its plane parallel to that of (a;, ^), and its racGlus 
proportional to zK 

378. A circle revolves round a chord in its own plane, the 
direction cosines of which are ?, tti, n ; shew that the equation 
to the surface generated is 

. where r is the radius of the circle ; h and k the distances^ of 
the centre of the circle alonff and from the chordal line which 
is supposed^ to pass through the origin; determine the sin- 
gular points of this surface and the equation to the tangent 
cone there ; also determine the equation to the tangent planes 
which touch the surface along circles. 

379. The traces of a furface of the second order on two 
planes at right angles to each other are parabolas with their 
axes parallel to the line of intersection of the planes ; find 
the condition that the surface may be a developable surface ; 
and shew that in that case the trace of the surface on a plane 
perpendicular to the first two will also be a parabola. 

380. Find the locus of the point in which a perpendicular 
from the origin meets a plane which cuts off a constant volume 
from the co-ordinate planes. 

381. An oblique cylinder stands on a great circle of a 
sphere ; determine the curve of intersection of the sphere and 
cylinder, and find the area of the spherical surface included 
within the cylinder. 

382. The locus of the intersection of generating lines of 
an hy^erboloid of one sheet which pass through extremities 
of conjugate diameters of the smallest elliptic section is a 
similar ellipse parallel to it, whose axes are to the axes of the 
former as V^ ^o 1. 
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383. Find the surface which is generated by a straight 
line which is always parallel to the pkne of (a?, y) , and passes 
through the axis of z, and also through the curve determined 

384. A normal to the surface of which the equation is 

X cos nz'-y sin nz=i Of 

moves along any one of its generating lines ; determine the 
surface generated. 

385. The equations to a system of lines in space, straight 
or curved, contain two arbifoary parameters; shew how to 
find whether the lines can be cut at right aneles by a system 
of surfaces, and when they Can shew how to find the equation 
to that system. 

Examples. (1) Let the lines be a system of right lines, 
each of which intersects two given right lines which are per- 
pendicular to each other but do not intersect. (2) Let the 
equations to the system of lines he Aoif- = By^ = Gs^, where 
Af By 0, are arbitrary. 

386. The equation to a system of surfaces contains one 
arbitrary parameter ; normals are drawn at all points of one 
of these surfaces, and the lengths of the normals are taken 
proportional to the ultimate distances between the surface in 
question and a consecutive surface ; shew how ta find the 
equation to the locus of the extremities of the normals. 

387. The equations to a system of right lines in space 
contain two arbitrary parameters ; shew that when the roots 
of a certain quadratic are real and unequal, there are two 
planes passing through a given line of the system which con- 
tain consecutive lines. 

388. A cavity is just large enouj?h to allow of the com<- 

Slete revolution of a circular disk of radius c, whose centre 
escribes a circle of the same radius c, while the plane of the 
disk is constantly parallel to a fixed plane, and perpendicular 
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to that of the circle in which its centre moTCS. Shew that 

2c' 
the volume of the cavity is — {Btt + 8). 



389. The solid of which the surface is determined by the 
equation V^ + Vy + V^ = V<* revolves round the fixed axis 
of z and makes for itself a cavity in a mass of yielding 
material ; determine the form and magnitude of the cavity. 

390. Shew that the surfaces represented by the equations 

will touch each other in eight points if 

a o c 

and prove that if tangent planes be drawn at these points 
they will form a solid whose opposite faces are similar and 
parallel, and the volume of which is 

# 4 (ahc)* 

3 ioifiy)^^ 



391. Normals are drawn to the ellipsoid 

«.* «*« *' 



at ererj point of its cnrre of intersection with the sphere 

prove that the equation to the curve in which the locus of 
these normals is cut by the plane of (y, z) is 
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392. Find the envelope of the pkne 

ax + fiy+yz^ly 
the parameters a, fi, 7 being subject to the relations 

393. Determine the singular point on the surface 

and the locus of the tangent lines there. 

394. The tangent plane to a surface S cuts an ellipsoid, 
and the locus of the vertex of the cone which touches the 
ellipsoid in the curve of intersection is another surface S'. 
Shew that 8 and 8' are reciprocal ; that is, that 8 may be 
generated from 8' in the same manner as S' has been gene- 
rated from 8. 

395. A plane moves so as alwavs to cut off from an 
ellipsoid the same volume ; shew that it will in every position 
touch a similar and concentric ellipsoid. 

396. Shew that the tangent plane at any pointy of the 
surface 

{axY + (Jy)" + {czY = 2 {bcyz + cclzx + ahxy)^ 

intersects the surface 

ayz + hzx + cxy = 

in two straight lines which are at right angles to one an- 
other. 

397. A plane is drawn through the axis of y such that 
its trace upon the plane of («, x) touches the two circles in 
which the plane of («, x) meets the surface generated by the 
revolution round the axis of z of the circle 

where a is greater than c ; determine the curve of intersection 
of the plane and the surface. 
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398. A line of constant length moves with one extremity 
in the axis, and the other in the surface of an elliptic cone ; 
find the equation to the surface which is the locus of its mid- 
dle point, and shew that the trace on a plane passing through 
the vertex at right angles to the axis is an ellipse. 

399. A plane is drawn through a generating line of an 
hyperboloid of one sheet ; shew that it meets the surface again 
in a straight line* 

400. A plane moves so as always to enclose between itself 
and a given surface S a constant volume; shew that the 
envelope of the system of such planes is the same as the locus 
of the centres of gravity of the portions of the planes com- 
prised within 8. 

401. OA, OBy OG 9ie three straight lines mutually at 
right angles, and a luminous point is placed at G; shew that 
when the quantity of light received upon the triangle A OB is 
constant, the curve which is always touched by AB, will be 
an hyperbola whose equation referred to the axes OA^ OB is 

(y — mx) {x—my) ^mc^^ 

where OC^Cy and wi is a constant quantity. 

402. If u =/(a?, y, z) be a rational function of x, y, z, and 
if u = be the e(juation to a surface, for a point (a, b, c) of 
which all the partial differential coeflScients of u as far as those 
of the {n — 1)*** order vanish, shew that the conical surface 
whose equation is 

|(,_a)| + (y-J)^ + (.-o)|}V(a,i,c)=0 

will touch the proposed surface at the point (a, J, c). 

403. Determine the condition to which the vertices of a 
system of cones which envelope an ellipsoid must be subject, 
in order that the centres of the ellipses of contact may be equi- 
distant from the centre of the ellipsoid. 



64 MISCELLANEOUS EXAMPLES. 

404. A plane passes through the vertex of lie elliptic 

paraboloid 2z = — I- ^ ; shew that if the radius of curvature of 

all Its sections of the surface at the vertex be equal to c, the 
normal to the plane at the origin will lie upon the surface 

405. Find the position in which an ellipsoid must be 
placed in order that its orthogonal projection may be circular, 
assuming that the plane on which it is projected must be 
parallel to its mean axis, 

406. Find the equation to the surface generated by a 
straight line of given length, which moves parallel to the plane 
of {x, y), with one end in the plane of (y, z) and the other 
on a given curve, aj= ^ (a), in the plane of (a?, z), 

407. Find the shortest distance between the diagonal of a 
cube and an edge which it does not meet 

408. Find the equation to the plane which passes through 
the origin and contains the straight line determined In Ex- 
ample 45. 

409. Find the equations to the perpendicular from the 
origin 6n the straight line determined m Example 45, and the 
co-ordinates of the point of intersection. 

410. A cube is cut by a plane pei-pendicular to one of its 
diagonals : determine the perimeter and area of the section, 
and the greatest value of the area. 

411. Find the point from which the sum of the squares of 
the perpendiculars on four given planes is a minimum, 

412. If one of the diagonals of a rectangular parallele- 
piped be so placed as to subtend at the eye a right angle 
each of the others will at the same time appear under a 
right angle. 
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413. Find the largest parallelepiped which can be in- 
scribed in a given ellipsoid. 

414. A series of planes described according to a given law 
cut an ellipsoid whose equation is 

find the locus of the centres of all the plane sections. 

Ex. If the normal' to the cutting plane be a generating 
line of the cone aV + Vy^ - (?z^ = 0, the locus will be another 
cone whose equation is 

a c 

415. Find the condition that the plane lx-\-my-\-nz^p 

3? t/* S^ 

may cut the surface -2+75— -a = liEL two straight lines. 

416. A cone whose vertical angle is 90' intersects the 
sphere which touches the axis of the cone at the vertex ; find 
the projections of the curve of intersection on the plane per- 
pendicular to the axis of the cone, on that perpendicular to 
the diameter of the sphere at the vertex, and on that which 
contains these two straight lines; and compare the areas 
of the latter two. 

417. If a section be taken through the axis of an oblate 
spheroid, and through the directrix of the curve thus formed 
any plane be drawn cutting the surface, the cone which has 
for its base the section of the surface by this plane and for Its 
vertex the focus corresponding to the directrix will be one of 
revolution. 

418. Find the equation to the locus of a straight line 
always intersecting and perpendicular to the straight line 
a;+y = 0, i2f = 0, and passing through the perimeter of the 
parabola a?=lz, y = 0. 

T. A. G. 5 
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419. All sections of the surface 

-+^+^=1 

which are at the same distance p from the origin, have their 
centres on the surface of which tne equation is 

420. Determine the surface represented }yj z^ = Qcy-\-a?. 

421. Determine the surface represented by 

oj* — y' — 2j" + 2y 2J + ic + y — « = 0. 

S 9 9 

422. The ellipsoid -« + ?§ + -, = 1 is cut by the plane 

lx-\'my->rnz = o: find the equation to an ellipsoid similar to 
the original ellipsoid and similarly situated, which has its 
centre at the centre of the plane section and passes through 
the curve of intersection. Apply the result to find the area of 
the plane section. 

423. Suppose u a homogeneoos function of the second 
degree, v^ and v, homogeneous functions of the first degree, 
Cj and c, constants ; then the cone which has its vertex at the 
origin and for directrix the intersection of t* + v^ + c^ = and 
t?^ + Cg = is determined by 

424. Find the area of the secition of the cone 

made by the plane Tx + my + nz=p. 

425. Find the volume contained between the plane and 
the cone in the preceding Example. 

426. Shew that the tangent plane at any point of an 
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hyperbolold of two sheets cuts off a constant volume from 
the asymptotic cone. 

427. A straight line passing through a fixed point and 
having the sum of its inclinations to two fixed straight 
lines through the same point constant generates a cone of the 
second order. 

Any section perpendicular to either of the fixed straight 
lines has for its focus its intersection with the fixed straight 
line. 

428. If two surfaces of the second order touch at two 
points they will in general intersect in two planes. 

429. If PQ^ PR be any two chords of an ellipsoid in the 
same plane with a fixed chord PK and inclined at the same 
angle to it, then the locus of all the possible intersections of 
QR^ Q'R', &c. will be the straight line PK smi a plane curve. 

430. A sphere touches an elliptic paraboloid at the vertex 
and has its diameter a mean proportional between the para- 
meters of the principal sections of the paraboloid ; find the 
equation to the projection of the curve of intersection on the 
tangent plane at the vertex. 

431. A cone has its vertex at the centre of an ellipsoid and 
for its directrix a plane section of the ellipsoid ; if the cone 
cut the tangent plane to the ellipsoid at the extremity of one 
of its axes in a circl^, the plane section of the cone and 
ellipsoid must pass through one of two fixed points in the 
smaller of the other two axes. 

432. C is the centre of an ellipsoid, P an external point 
which is the vertex of a cone enveloping the ellipsoid, and 
with any point Q as vertex a cone is constructed having its 
generating lines parallel respectively to those of this envelop- 
ing cone : shew that the cone having its vertex at Q cannot 
cut the ellipsoid in a plane curve unless Q be on the straight 
line GP or CP produced. 

433. An oblate spheroid revolves about any 'diameter : 

6—2 
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find the equation to the surface which envelopes it in every 
position. 

434. If any number of straight lines, drawn in any direc- 
tions from one given point have their lengths proportional 
to the cosines of the angles which they severally make with 
the longest line a, and spheres be described on each of these 
straight lines as diameters, these spheres will be enveloped 
by the surface generated by the revolution of the curve 

r = acos'-, 

the given point being the pole. 

435. A plane is moved so as to cut off from the co-ordinate 
planes areas whose sum is always equal to 2»' ; shew that the 
surface to which the plane is always a tangent plane is repre- 
sented by the equation 

(3aj - u) (3y - u) [^z - w) + ^T?u = 0, 
where u = x-\'y+z ± \/(3n* -\-a? + y^ + z^ — xy —yz-- zx). 

436. Find the general functional equation to the surfaces 
of Example 204. 

437. Tangent planes to the surface determined by 

x^ y' 2* 



8 "r 7 s "T" ^8 — ^ 



pass through a point P ; shew that a sphere can be described 
through the curve of contact provided P lie on a certain 
straight line passing through the origin. 

438. A straight line BG oi given length moves with its 
extremities always on two fixed straight lines AB^ AC zX 
right angles to each other ; from the point A sl perpendicular 
AD is drawn to BG, and with radius AD and centre D a 
circle is described having its plane perpendicular to BG: find 
the equation to the surface generated by the circle. 
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439. Determine the surface represented by 

440. If r be the radius vector, p the perpendicular from 
the origin on the tangent, s the arc of a curve, 

^ dr r ds^ ' 

441. If p be the radius of absolute curvature of a curve, 
p the distance of the centre of absolute curvature from the 
origin, r the radius vector, p the perpendicular from the origin 
on the tangent, 

dr ' 2p^p 



r 



dp r* + />^ — p'^ 



442. In the surface 2cz^ + z{ix?+ 2xy + v* — 2c') — 4:Cxy = 
find the radius of curvature of a normal section at any point in 
the axis of oj, the tangent to the curve of section at the point 
being perpendicular to the axis of a?. 

443. In the surface of the preceding Example find the 
principal radii of curvature for any point in the axis of x. 

444:. Assuming that the curvature at any point of a sur- 
face is measured by the product of the reciprocals of the prin- 
cipal radii, shew that the lines of equal curvature on the 
surface of an elliptic paraboloid are projected on a plane per- 
pendicular to its axis in similar ellipses, whose axes are 
proportional to the parameters of the principal sections of 
the paraboloid. 

445. Conceive a system of surfaces of such a nature that a 
normal at any point of one of them is a normal to all the rest ; 
let w = be the equation to one of these surfaces, let the 
normal at any point P be the axis of z, and let the distance of 
the origin from the point P be an harmonic mean between the 
greatest and least radii of curvature at that point : then shew 
that at the point P 

d*u d*u d\ _ 1 d* (uz) 
d^'^df'^d^''z dz* • 
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446. A plane passes throngli a fixed point ; find its posi- 
tion when the rolnme included between it and the co-ordinate 
planes is a minimmn. 

447. A solid angle is formed by three planes ; the tangent 
plane to a given snrface meets them, and so forms the base of 
a tetrahedron. Shew that in general when this tetrahedron is 
a maximum or a minimum the point of contact is at the 
centre of gravity of the base of the tetrahedron. 

448. The number of normals to a surface of the n^ de- 
gree which can pass through a given point cannot exceed 

n* — «' + n. 

449. In a surface of the second degree the locus of the 
points for which the sum of the squares of the normals to the 
surface is a constant quantity, is a surface of the second de* 
gree concentric with the given surface, and having the direc- 
tion of its principal axes the same. 

450. Two spheres being given in magnitude and position, 
every sphere which intersects them in given angles will touch 
two other fixed spheres, or cut another at right angles. 
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a a V c 

o a c a c 



5. 



a; y — 6 z x — a y z 
a —6 c ' —a c 



^ 2a5{j ^ 2a5<? 



8. cos~* 



ab 



J{a' + c^J{b* + cr 



9. cos~* 



10. C08-^±^. 11. f = ^=i*. 

a' + 6* + c* a b c 

12. The equation may be written 

(a;cos^-ycosa)" + (ycosy-«cos^" + («cosa-ajcosy)'=0; 
thus it represents the line 

X y z 

COS a cos /8 cos y * 

15. 2>'(^aj + J9y ^ C«) *= 2> (^'a; + ^y + C'^f) ; the <5ondition is 

DV A'-hB' + C 



©= 



16. (aj-a) {m (c-c')- w (6-6')} + ^c. = 0. 
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17* First obtain the eqimtion to the plane which contains the 
two given lines; this is 

X {m^n^ - m^Wj) + y (n^l^ - nj^) + z (l^m^ - l^m^) = ; 
then find the equation to a plane which is perpendicular to the 
plane just determined and equally inclined to the two given lines. 

21. 1^2. 22. (a;-a)(ww'-w'w)+&o. =0. 

23. The question is indeterminate, since an unlimited number 
of lines can be drawn as required. 

24. Suppose the given plane to be determined by 

Ax+By-\-Cz = D; 

and suppose that the line of intersection is to lie in the plane of 
(Xf y) ; then we may assume for the equation to the required plane 
Ax-^ By + Xz = D, and determine \ suitably. 

27. 60°. 28. Four straight lines. 

29. The condition is a* + &' + c* + 2abc = 1. 

/ 

30. (pj cos a — p cos a^) x-\-(p^ cos P —p cos )8j) y + X« = 0, 
where (p^ cosa—p cos oLy+ (p^ cos/3— jp cos)Sj)*+ X(/?jCOsy— jpcosy^) = 0. 

31. Let the given point be {a, h, c) and the equations to the 
given planes 

Ax + By^<Jz = D, A'x + Fy.-\-G'z = iy; 
the required equation is 

(aj-a)(^O'-.^C) + &c. = 0. 

p + p p — p 

37. • //^ o7\ ^^^ " /fo o7\ > where A; = Zr+wm' + ww, 
^(2 + 2k) J (2 - 2k) 

41. Let r denote the distance between (a, )8, y) and (a?, y, z) ; 
tbea 

(A'+£'+(r)i^={A'+£'+c^{{x-ay+(}/-py+{z-yy} 

=.{B{z-y)-C(y-P)YHG{x-a)-A(z-y)Y+{A(3,-P)-B{x-a)Y 

The last term is constant if (Xy y, z) he ia the given plane; hence 
the least value of r* is obtained by making the other three terms 
vanish. 
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44. The exceptional case is when the line of intersection of 
two of the planes is perpendicular to the third plane. 

46. The condition is a? + 6m + en = 0; then the equations may 
be ^written 

or thus, Ti^ — i > = &c, 

I ( l-¥m + n) 

47. The equations to the perpendicular are 

a? ^ y ^ g 
wc — 7*6 wa -- ^c lb — ma ' 

49. There are two such lines determined by the given equation 
Ix + my + 7i« = 0, combined with 

50, Let X, y, « be the co-ordinates of any point in the line ; 
let I, my n be proportional to its direction cosines; then it may be 
shewn that 

{(/Mc - Izf + (ny - m£f\ {(wix - lyf + (m« - ny)^\ ^ 
from this we may shew that tan* a. -A (mm — nyf where -4 is a 
symmetrical function of as, y, «;, ^, m, n. 

53. Here e^ ^^""' ^^'\ e' = ^^^'''''^ . 54. A sphere. 

a 6 

55. The polar equation to the locus is 

aV = {7^ + (f) {a' sin* ^ + 6" cos« ^ 

56. The straight line ? = -^= - . 

c m n 

58. The given equation may be written thus, r* = (P + m* + w*) p* 
wherfe r is the distance of the point (x, y, z) fiom the origin, and p is 
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the perpendicular from the point (x, p, z) on the plane Ix + my ■hnz=0. 
If P + m* + n' is greater than imi^ the locas is a right circular 

cone : the cosine of the semi vertical angle is -77== = =r- . 

If I^+ m' -\-n* is equal to unity the locus is a right line ; see ex- 
ample 12. If I' +m^ +n' is less than unity the locus is a point, 
namely the origin. 59. The locus is a sphere if (7 be an acute 
angle, a point if (7 be a right angle, and impossible if C be an 
obtuse angle. 

fin -t*- *' «._»'(*•-"') 

«»"• '^-a'-b" ~c'{a'-by 

62. The equations to the coaes are 

{x-^af f ^ (rz-hy ,^ x' 

63. Let (a, p^ y) be the external point; then 1^ required 
equation is 

a' b' (^'W h' c'J' 

66, Let (a, fi, y) be the given point; then the required 
equation is 

67. A right circular cone. 70. Take for the equation to 

fic" v* «* 
the ellipsoid -» + Ti + t = 1, and for the equation to the sphere 

(as - ^)' + y* + «* = r* j then the equation to the cylinder will be 

71. The circle circumscribed about the opposite face may be 
determined by the equations 

X *U (S 

a b c ^ 

A 8ubcontra/ry section is a circular section* The equation to i^e 
cone may be written thus 
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hence we see that the plane ax + bj/ + ez -- k = Q, <5uts the cone in 
a circla If the vertex of the con« be at the angular point which 
is at the other end of the edge c, the equation to the cone is 



as' + y' = {ax + 5y) ( 1 — j ; 



and the plane ax + hf/ — cz = Q is parallel to the subcontrary sec- 
tions. 74. An hyperbolic paraboloid. 

75. The locus is determined by the equation to the ellipsoid 
combined with xyz = constant. 

76. Suppose the fixed point in the axis of z } then we have to 

n«ke ^ a maxi«..n. whUe ^ + ^= a constant 

a 

85. Circles. 88. Let ?^ = ?^ = ^^ = r be the 

equations to a line which passes through the point (x, y, z) and 
coincides with the given surface. Substitute the values of x, y', «' 
in the given equation; we thus obtain a quadratic in r which 
ought to be identically/ true. This leads to 

Eliminate m from these two equations; thus we obtain a quad- 
ratic in — , and the product of the JX)ots becomes known. The 
result may be wiitten thus 

Sumlarly^^' = <^. 

92. The condition is amin + brd + dm = 0. 

93. When the given conditions hold, the equation becomes 
{h'c'x 4- cVy + «'^ «)" + 2a'5V (af'x + Vy + c '«) - a'6<q/= ; 

this represents a parabolic cylinder. 
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95. Either 6' = and c" = (a - c) (6 - c), 

or c' = and 6" = (a-6)(c-6). 

96. An hyperbola. 

97. The semi-axes are the positive values of r found from 

102. If an ellipsoid be out bj a plane through its centre whose 
direction cosines are ?, m, w, the area of the section is known to be 

//yg 8 Tci T-iT' Now if we seek the maximum and minimum 

values of J^o? + rmfV + n*c', with the condition that the plane is to 

contain the line - = ^ = -, we obtain this quadratic 

\ p. ¥ 



\' m" ^ 






u'-a* u'-b' u'-c' 
thus the product of the maximum and minimum values is 

103. The process will resemble that given in Gregory's Solid 
Geometry for finding the area of the section of the ellipsoid by the 
plane Ix + my + n« = 0. If a, ^, y be co-ordinates of the centre of 
the section it will be found that 

-^ = ^ = y = 



The final result is 

(a'P + hW + c V - 8') frahc 

See also Differential C(dmlu8j Chapter xvL 

104. The first part may be proved by taking the general equa- 
tion 

oo* + 5/ + c«" + 2aV« + 26'«» + 2c'a^ + 2<«"i» + 26"y + 2c"«+/= ; 

and the cutting planes may be supposed parallel] to that of {xy y). 
For the latter part we must find the ratio of similaiiy situated 
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lines in the two sections, and the square of this ratio will be the 
ratio of the areas. 105. This is a mode of expressing the 

result of the two preceding examples. The result may also be 
obtained very easily by referring the ellipsoid to conjugate dia^ 
meters, two of which are in a plane parallel to the planes con- 
sidered. 



106. The equation to the ellipsoid is 

a? 1^ s^ _xa yp zy 
a c a c 
where (a, )S, y) is the external point, 

109. Hyperboloid of one sheet. 110. Hyperboloid of 

one sheet. 111. Hyperbolic paraboloid. 

112. Parabolic cylinder. 113. Hyperboloid of two sheets 

ify be positive. 114. Right circular cylinder if/ be positive. 

115. Hyperboloid of revolution of two sheets if/ be greater 
than 48, cone ify*= 48, hyperboloid of revolution of one sheet if/ 
be less than 48. 

116. Hyperboloid of revolution of two sheets. 

117. ^^ ^^ are the co-ordinates. 
op 3a 

118. There is a line of centres, given by the equations 

^ = 0, A~Z+1=0. 

119. — i, 0, are the co-ordinates. 

122. A surface of revolution, the axis of which ia x = i/ = z, 

124. Use the equation in Example 65 ; the locus is a sphere, 
the radius of which is J {a' + 6' + c' + A' + ^^. 

a* — <? 
133. The sine of the angle is -5 5 supposing a, 6, c in de- 
scending order of magnitude, 142. See a similar example 
in Geometry of Two Dimensions, Plome Co-ordinate Geometry^ 
Art. 286. 144. Refer the ellipsoid to conjugate diameters 
such that the plane containing two of them is parallel to the 
cutting plane. 
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1 57. V* — oc most be positive and (6" — etc) (a'*- he) = {a!b'—cc')\ 

159. Let a; cos tfj + y cos tfj + « cos 6^= u, 

a; sin tf J + y sin tf J + « sin ^3 = T ; 

then the second equation is wt? = 0, and the first is (u-^-v) {u—v)=0. 
The line of intersection will be found to be determined by 

X y z 

Bin (<?.- e^ - sin (e, - <?J = sin («.- <?,) ' 

160. The other lines are a? = 0, y6 — 2jc = 0; y = 0, a? — a»=0; 
« = 0, i»a - y6 = 0. 

161. The cosine of the inclination of the plane to the axis. 
170. Take the equation to an enveloping cj Under 

W ^ "?y U 2^ ?~ V " w T^ ?; ' 

and apply the tests in order that it may be a surface of revolution. 
182. ^(oJ, y, «) = ^(a + a;-a, ^ + y-A r+«-y) 



2 c^a" 2 e^)8* 2 C3?y 



a 



The equation to the tangent plane to the sur£a.ce <^ (a;, y, «) = 
at the point (aj, y, z) is 

this may be written 

Now suppose this plane to pass through the point (a, )8, y), and 
we obtain a relation which by means of the equation ^ (x, y, z) = 0, 
transformed as above, reduces to 



BESULTS OF THE EXAMPLES. 79 

183. Let a line pass through the point (a, )S, y) and through 
the pcHnt {x, y, z) on the surface ; and let {x\ y', z) be any other 
point on this line ; then we have 

X — ay — Bz — y 

— = -7 — ^ = — — = r say : therefore 

X —a y — p «— y 

a; = a + r(a/-a), y = P + r{y-'p)y « = y+r(«^-y). 

Substitute these values of ic, y, « in (a;, y, «) = ; we thus obtain 
a qiuidratic in r corresponding to the two p<Hnts in which the line 
through (a, P, y) and (a/, y, z*) meets the surface. The condition 
that this quadratic should have equal roots leads to the equation 
to the required cone, a, y', z being the variable co-ordinates. 

185. a y« + 6'«c + c'a^y = 0. 

195 ^ , y' I ^ -0 

196. The surface is determined by the equation 

1^ — 2kaz 

t^-^o.y-^ — p — + a« = 0, 

where ^ is a known constant, and * = ^"|l + ^/(r")+ ir\* 

I *^ =('-?) (M)' 

205. Take for the equations to the lines those in example 74 ; 
let a be the radius of the circle ; the required equation is 

(nixG' — cyz)' + m' (mcxz — c'y)' = m V (c* — «')'. 
212. (1) is not a developable surface; (2) is. 

214. «+ V(«" + 3/'+«0 = *(|)- 
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215. z'*^-k'*'=af*^i>(^). 216. t^J^, 



^J a' c' 

218. (aaj + 6y + <»)' = r»{(aj + ay + (y+6)* + (« + c)'}, 

219. Let the equations to be parabolas be 



}''^"*^=l'a,}' 



the equation to the surface is 4a; - < ?-; + -r- i = 0. 

KJctf Ja) 

224. (aj + a)( — '^—^+ — +aj~a| = 0, 

V* «■ 
where 2x=j-'{-- is the equation to the paraboloid. 

225. . (a;* + ft'yT = "a > "^-here fi and ^ are known constants, 

227. Use conjugate diameters as axes, two of them being 
parallel to the plane of the circles, and the third passing through 
the centres of the circular sections. 

230. y=*acos|8. 231. '^+^ = l,z = j^. 

233. The curve is determined by the given equation combined 
with 4iz' = a?" + y\ 

239. They are proportional to -^ , -^ , and —^ . 

240. c (xy - y^ + ah {z - «) = 0. 241. A plane passing 
through the line of intersection of the normal plane at the point 
(a;, y, z) and the consecutive normal plane, and perpendicular to 

the first normal plane, 243. \.^ >.,, — iar . 246. A circle. 

^ a^'h* J{h* -{-k^) 
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251. The carves of greatest inclination to the plane of 
{x, y) are determined by the given equation combined with 
a^^^= constant. 252. The curves are determined hj the 
given equation combined with af-y' = constant. 

253, x*+Zay=Oy 27acz+af=0. 257. 21a{x+yy=lQ{z--a)\ 

263. There are two surfaces determined by the equations 

27a (y + « - ia)' = 4 (aj - 3a)', 
and 27a (y -«)* = 4 (a?- 7af. 

The specified evolute is determined by the second equation com- 
bined with 27a(y + « + 4a)*=2(a5-a)*. 

264. a + b:=A-\-B, d^ ^ah^C' -AB. 

269. z = A tan"* ^ + J?. 270. The surface is that formed 

X 



c ,2 



by the revolution of the catenary ^=-5(6* + ^ •) round the axis 
of a?. 

281. ^^^±^ = con8tant, 

x + ^{x +a) 

{y + \/(y' + »*)} {^ + n/(*' + O} = constant. 
2S8. aj=0, l/ = -J{o^-^, «=o(*'"i^)^ supposing a > )3. 

299. The condition is abc + 2a'Vc -aa'- bb" - cc' = 0. 

302. Aa + Bp + (7y = 0, is the equation to the plane which is 
parallel to the face of which the area is D, and which passes 
through the opposite vertex. 

305. The equation represents a cone which touches the planes 
represented by w^ = 0, u^ = 0, «, = 0. 

306. The equation represents a cone containing the lines of 
intersection of the planes u^ = 0, u^ = 0, w, = 0. 

T. A. G, 6 
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313. An ellipsoid, a point, or an impossible locus according 
as a is > = or < 0. 

314. An liyperboloid of one sheet, a cone, or an hyperboloid 
of two sheets according as a is > = or < 0. 

315. An elliptic cylinder, a straight line, or an impossible locus 
according as a is > = or < 0. 

316. An hyperbolic cylinder, two planes, or an hyperbolic 
cylinder according as a is > = or < 0. 

317. Two parallel planes, one plane, or an impossible locus 
according as a is > = or < 0. 

318. An elliptic paraboloid. 319. An hyperbolic para- 
boloid. 320. A parabolic cylinder. See for the last eight 
questions The MaJthemaiyAom^ YoL in. p. 195. 

In examples 321 — 329 the symbols r, &, <^ are the usual polar 
co-ordinates. 321. A right circular cone having its vertex at 
the origin and its axis coincident with the axis of z, 322. A 
plane containing the axis of z. 323. A sphere having its 
centre at the origin. 324. A series of right circular cones 

having their vertices at the origin and their axes coincident with 
the axis of z. 325. A series of planes containing the axis of z. 
326. A series of spheres having the origin for centre. 327. A 
sur&ce of revolution round the axis of z, 328. A surface such 
that any section made by a plane which contains the axis of z 
is a circle with the origin for centre. 329. A conical surface 
generated by straight lines which all pass through the origin. 

331. A sphere having the origin on its surface. 

340. Let c be a side of the hexagon, a an edge of the cube ; 
then a= — ih"- 

342. Let a be the edge of the cube ; the height of the luminous 
point above the given plane is a (2 + ^2). 
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347. The figure formed by the revolution of an hyperbola round 
its conjugate axis. 

352. (1 -m") («*-<?*) =y"-mVj the axes being as in Ex- 
ample 74. 

354. The equation to the surface is 

QO 8 

2c«" + «{(a; + y)*-2c'}-4cicy = 0; the volume is . . 

355. y±«=0. 359. «" = 2 (a;» + 2^»). 

360. ^A-r)i.r-l) , = _4_. 
« r a+o—r 

363. aj"' = ky^\ and a:" + y" + «" = log (ky^). 

380. (a?" + y* + «*)** = Gc'^aiy^ where c* is the constant volume. 

383. c^'xyz = a' (a* + y*). 384. Hyperbolic paraboloid. 

389. The volume is ^ . 

393. The origin ; the locus is the axis of z, 

398. 4c" (^ + |-') + aj* + y« = ;», where 2Z is the length of the 

a;' y* «* 
straight line, and -5 + ^g = — > the equation to the given cone. 

405. The longest axis of the ellipsoid must be inclined to the 
plane at an angle whose cosine is f -^ — , ) . 

406. y* {4> (*)}• = {« - ,A («)}' [<^ - {<!> {«)}*]. 

408. x{a(a' + b*+o')-a{aa + bfi + cy)}+ ... = 0. 

OB 

409. -z 7^ =&c.: co-ordinates those given in the result of 

by — cp 

Example 45. 410. Let a be the edge, p the distance of the 
section from one comer. Then from p=-0 top=s -j^ the section is 
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i>*3 /3 
an equilateral triangle; the perimeter is 3p^6 and tlie area ^ . 

From p = -j^ to p= -jr- the section is a hexagon haying three 

sides equal and also the other three sides equal; the perimetier 
is 3p J6 - 3 J2 (p J3 -- a), that is 3a ^2, and the area is 

^^--- 3 {^2 {p J3-a)Y ^ , that is 9ap - 3p' ^3 - ^^ . 

2a 
From p = -j^ to p^a JZ the results may be obtained from 

those in the first case by putting a J3 -p instead of p. The area 

is greatest when p = -^ . 

415. y = Pa' + mV-wV. 418. lz=.oil'-^. 

421. Two planes. 

422 («'-°)',(y-ffl',(^-Y)' 1 />' 

a' 6' c' ~ aV + 6'j»' + cV' 

424. "^^^ ,. 425. '^^'^' 



426. Volume is ^-5— . 

430. z = Xfl}{lx + my + n«) + ^ (fo? + wiy + tw?). 

438. ^ = ^^^ , - 05* - y*. 439. Surface of revolution 

formed by revolving a circle about a straight line in its plane. 
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TRENCH, D.D. Archbishop of. Dublin. Eleventh Edition, fcp. 8vo. 
doth, 48, 

ENGLISH PAST AND PRESENT. By R C. TRENCH, 

D.D. Archbishop of Dublin. Fifth Edition, fcp. 8vo. 4*. 

ESSAYS BY THE LATE GEORGE BRIMLEY, M.A. 

With Portrait. Second Edition, fcp. 8vo. cloth, $8, 

WESTWARD HO ! By the Rev. PROPESSOR KINGSLEY. 

Crown 8vo. 6f. 

TOM BROWN'S SCHOOL DAYS. Pep. 8vo. 5«. 

TOM BROWN AT OXPORD. By the Author of "Tom 
Brown's School Days.*' New Edition, Crown 8vo. 6*. 

PATJLPS PICTURES OP OLD ENGLAND. Crown 8vo. 

cloth, 8s. 6d, 

Macmillan and Co. London and Cambridge. 
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THE WATER BABIES. By the Rev. PROFESSOR 

KINGSLEY. With Two Slastrations by J. Noel Paton, R.SJL^ 
New Edition^ Grown 8yo. 6«. 

THE FAIRY BOOK : The best Popular Faiiy Tales. Selected 
and ^tendered anew by the Author of ''John Halifax." With a 
Vignette by Noel Paton. i8mo. doth, 4f. 64, Morocco plain^ 7«. 6d, 
Morocco extra, los. 6d, 

THE CHILDREN'S GARLAND, from the best Poets. Se- 
lected and arranged by COVENTRY PATMORE. With a Vignette 
by J. WoOLNSB. i8mo. doth, 44. 6(2. Morocco plain, 7«. 6<2. Morocco 
extra, loc 6d, 

THE LANCES OF LYNWOOD. By the Author of *'The 

Heir of Reddyffe. With Illustrations by J. B. New Edition, price 
38. 6d, 

THE HEROES; oe, Gbeek Faiby Tales. By the Rev. 

PROFESSOR KINGSLEY. With Eight Illustrations. Third Edition, 
cloth, gilt leaves, 3«. 6d, 

RUTH AND HER FRIENDS, A Story for Girls. Fourth 

Edition, Cloth, gilt leaves, 38. 6d, 

DAYS OF OLD. Stories from Old English History. By the 
Author of *^ Ruth and her Friends.*' Cloth, gilt leaves, 30. 6d. 

AGNES HOPETOTJN'S SCHOOLS AND HOLIDAYS. 

By Mra OLIPHANT. Cloth, gilt leaves, 3«. 6d. 
LITTLE ESTELLA, and other TALES for the YO[JNa 

Cloth, gilt leaves, 3^. 6d. 

DAYID, KING OF ISRAEL; a History for the Young. 
By J. WRIGHT. Cloth, gilt leaves, 3«. 6d. 

MY FIRST JOURNAL, By GEORGIANA M. CRAIK. 

Cloth, gilt leaves, 3«. 6d, 

EARLY EGYPTIAN HISTORY for the YOUNG. New 

Edition, with Frontispiece, fcp. 8vo. doth, 5s. 

Macmillax and Co. Londok and Cambbidge. 
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CAMBRIDGE CLASS BOOKS. 



Ihe Works in this Series of Cambridge Class-Booe:s for 
THE TTSE OF SoHOOLs AND COLLEGES, wMch ho/ve been 
isstied at intervals during the last ten years, are intended 
to embrace all branches of JSdtication, from the most 
Elementary to the most Advanced, and to keep pace with 
the latest discoveries in Science. 

Of those hitherto published the la/rge and ever increasing sale 
is a sufficient indication of the manner in which they have 
been appreciated by the pMic, 

A SERIES of a more Elem,enta/ry character is in course of 
publication, a list of which will be found on page 2 of this 
Catalogue, 

2000; 
2 : 27 : 65. 



ELEMENTARY SCHOOL GLASS BOOKS. 

The volumes of this Series of Elementabt School Clabs Books are 
handsomely printed in a form that^ it is hopedy will assist the young 
student as much as clearness of type and distinctness of arrangement 
can effect. They are published at a moderate price to ensure an ex^ 
tensive sale in the Schools of the United Kingdom and the Colonies. 

1. EUCLID FOR COLLEGES AND SCHOOLS. 

By I. TODHUNTEB, M.A., F.R.S., Fellow and Principal Mathematical 
Lecturer of St. John's Ck)llege, Cambridge. 18mo. 3«. Qd, 

2. ALGEBRA FOR BEGINNERS. 

B7 I. TODHUNTER, M.A., F.R.S. 18mo. 2s. 6rf. 

•% A Ket to this work will shortly be published. 

3. THE SCHOOL CLASS BOOK OF ARITHMETIC. 

B^ BARNARD SMITH, M.A., late Fellow of St. Peter*8 College, Cam- 
bridge. Parts I. and II. are now ready. 18mo. limp doth, price 10<2. each. 

4. AN ELEMENTARY LATIN GRAMMAR. 

By H. J. ROBY, M.A., Under Master of Dulwich College Upper School, 
late Fellow and Classical Lecturer of St John's College, Ounbndge. 18mo. 
28. M,. 

6. MYTHOLOGY FOR LATIN VERSIFICATION. 

A Brief Sketch of the Fables of the Ancients, prepared to be rendered into 
Latin Verse for Schools. Bv F. HODGSON, B.D., late Provost of Eton 
College. New Uditioft. Reyised by F. C. HODGSON, M.A., Fellow of 
King's College, Cambridge. 18mo. Ss. 

6. A LATIN GRADUAL FOR BEGINNERS. 

A First Latin Construing Book. By EDWARD THRING, M.A.» Head 
Master of Uppingham School. ISmo. 25. 6d, 

7. SHAKESPEARE'S TEMPEST. 

The Text taken from "The Cambridge Shakespeare." With Glossarial and 
Explanatory Notes. By the Rev. J. M. Jjbphbon. 18mo. cloth, 3s. 6d. 

8. LESSONS IN ELEMENTARY BOTANY. 

The Part on Systematic Botany based upon Material left in Manuscript by the 
late Professor HENSLOW. With nearly Two Hundred Illustrations. By 
DANIEL OLIVER, F.R.S., FX.S., Keeper of the Herbarium and Library of 
the Royal Gardens, Kew, and Professor of Botany in University College, 
London. 18mo. cloth. 4«. Bd. 

9. AN ELEMENTARY HISTORY OF THE BOOK OF 

COMMON PRAYER. By FRANCIS PROCTER, M.A., Vicar of Witton, 
Norfolk, late Fellow of St. Catharine's College, Cambridge. 18mo. 2s. 6d. 

10. THE BIBLE IN THE CHURCH. 

A Popular Account of the Collection and Reception of the Holy Scriptures in 
the Christian Churches. By BROOKE FOSS WESTCOTT, M. A., 18mo. is.Gd. 

11. THE BIBLE WORD BOOK. 

A Glossary of Old EngUsh Bible Words. By J. EASTWOOD, M.A., of St. 
John's College, and W. ALDIS WRIGHT, M.A., Trinity College, Cambridge. 

[In the Press, 

12. A BRIEF BIOGRAPHICAL DICTIONARY FOR THE 

USE OF SCHOOLS. By the Rev. CHARLES HOLE. [In the Iress, 

13. LESSONS IN ELEMENTARY PHYSIOLOGY. 

With numerous Illustrations. By T. H. HUXLEY, F.R.S., Professor of 
Natural History in the Government School of Mines. [Nearly Meady, in 18mo. 
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WOBKS by the Bev. 

Fellow of St. Peter*8 

1. 

Arithmetic So Algebra 

In their Principles and Applications. 

With numerous Examples^ aystemaU 
icaUy arranged, 

NinthEdit. 696 pp. (1863). Cr.Svo. 
strongly bound in dotL 10». 6<^. 

The first edition of this work was published 
in 1854. It was primarily intended for 
the use of students at the Universities, 
and for Schools which prepare for the 
Universities. It has however been found 
to meet the requirements of a much 
larger class, and Is now extensively used 
in Schools and Colleges both at home and 
in the Colonies. It has also been found 
of great service for students preparing 
for the Middle-Class and CrviL and 
MiUTAKY Service Examinations, from 
the care that has been taken to elucidate 
the ptHneiples of all the Rules. Testi- 
mony of its excellence has been borne by 
some of the highest practical and theo- 
retical authorities ; of which the follow- 
ing from the late DEAN PEACOCK may 
be taken as a specimen : 

**Mr. Smith's Work is a most osefbl 
pubUcation. The Rules are stated with 
great clearness. The Examples are well 
selected and worked out with Just suffi- 
cient detail without being encumbered by 
too minute explanations ; and there pre- 
vails throughout it that just proportion of 
theory and practice, which is the crown- 
ing excellence of an elementary work." 



2. Arithmetic 

For the Use of Schools, 

New Edition (1862) 348 pp. 
Crown 8yo. strongly bound in cloth, 
4«. 6d, Answers to all the Ques- 
tions. 



College, Cambridge. 

3. Key to the Arithmetic, con- 
taining Solutions to all the Ques- 
tions in the latest Edition. Cr. 8yo. 
cloth. 392 pp. Third Edit. Ss. 6d, 

To meet a widely expressed wish, the 
ARITHMETIC was published separately 
from the larger work in 1864, with so 
much alteration as was necessary to make 
it quite indei>endent of the ALGEBRA. It 
has now a very large sale in all classes of 
Schools at home and in the Colonies. A 
copious collection of Examples, under 
each rule, has been embodied m the work 
in a systematio order, and a Collection of 
Sfiscellaneons Tapen in all branches of 
Arithmetic is appended to the book. 

4. Exercises in Arith- 
metic. 104 pp. Cr. 8vo. (I860) 
28, Or with Answers, 2s. 6d. 
Also sold separately in 2 Parts 
Is. each. Answers, 6d. 

These EXERCISES have been published 
in order to give the pupil examples in 
every rule of Arithmetic. The greater 
number have been carefully compiled 
from the latest University and School 
Examination Papers. 

5. School Cla43s Book of 

Arithmetic. 

1864. 124 pp. Pa&t I. to the end 

of Compound Division. 18mo. 

limp dom. lOd. — Part II. 104 pp. 

containing Fractions, Decimals, 

Subtraction of Square and Cube 

Boot. 18mo. limp cloth. lOd, 

— ^Pakt III. will contain Eule 

of Three, Interest. &c. 

The School CUiss Booh of ArUhmeOct 
published at the request of many School" 
masters, and chiefly intended for National 
and Elementary Schools, has been pre- 
pared on the same plan as that adopted vfy 
the Author's School Arithmetic^ which is 
in extensive circulation in England and 
abroad. 



CAMBBIDGE CLASS BOOKS 



WOBEB by ISAAC T0DKT7NTEB, M.A. F.B.S. 

Fellow and Principal Mathematical Lecturer of St. John's C!ollege, Cambridge. 



1. Algebra. 

For the Use of Colleges and Schools. 

Third Edition. 642 pp. (1862). 
Strongly bound in clotli. 7«. 6d, 

This work contains all the propositions 
which are usually included in elementary 
treatises on Algebra, and a large number 
of Examples for JExereise. The author 
has sougnt to render the work easily in- 
telligible to students without impairing the 
accuracy of the demonstrations, or con- 
tracting the limits of the subject. The 
Examples have been selected with a view 
to illustrate every part of t^e subject, and 
as the number of them is about Sixteen 
hundred and fifty t it is hoi>ed they will 
supply ample exercise for the student. 
Each set of Examples has been carefully 
arranged, commencing with very simple 
exercises, and proceeding gradually to 
those which are less obvious. 



2. Plane Trigonometry 

For Schools and Colleges. 

2nd Edit. 279 pp. (1860). Cm.8yo. 
Strongly bound in cloth. 5«. 

The design of this work has been to ren- 
der the subject intelligible to beginners, 
and at the same time to afford the student 
the opportunity of obtaining all the infor- 
mation which he will require on this branch 
of Mathematics. Each chapter is followed 
by a set of Examples: those which are 
entitled Miscellaneous Examples^ together 
wlt±i a few in some of the other sets, may 
be advantageously reserved by the student 
for exercise after he has made some pro- 
gress in the subject. As the Text and Ex- 
amples have been tested by considerable 
experience in teaching, the hope is enter- 
tamed, that they will be suitable for impart- 
ing a sound and comprehensive knowle^g^ 
of Plane Trigonometry, together with 
readiness in the application of this know- 
ledge to the solution of problems. In the 
Second Edition the hints for the solution 
of the Examples have been considerably 
increased. 



8. Spherical Trigonometry. 

For the Use of Colleges and Schools. 

132 pp. Grown 8yo. Second Edit, 
enlarged. (1863). 4«. 6cf. 

This work is constructed on the same 
plan as the Treatise on Plane TrigonO' 
metr^t to which it is intended as a sequel. 
Considerable labour has been expended 
on the text in order to render it compre- 
hensive and accurate, and the Examples, 
which have been chiefly selected from Uni- 
versity and College Papers, have all been 
carefully verified. 

The Elements of Euclid 

For the Use of Schools and Colleges. 

COKPRIBIKO THE FiRST SiX BoOKS AKD 

pobtioks of thb eleventh and 
Twelfth Books, with Notes, Ap- 
pendix, AMD EXBBCISES. 

384 pp. 18mo. bound. (1862). 3«. &/. 

As the Elements of Euclid are usually 
placed in the hands of yoimg students, it 
IS important to exhibit the work in such 
a form as will assist them in overcoming 
the difficulties which they experience on 
their first introduction to proceenses of con- 
tinuous arcwnent. No method appears to 
be so useful as that of breaking up the 
demonstrations into their constituent parts, 
and this plan has been adopted in the 
present edition. Each distinct assertion in 
the argument begins a new line; and at 
the end of the lines are placed the necessary 
references to the preceding principles on 
wjiiich the assertions depend. The longer 
propositions are distributed into subordi- 
nate parts, which are distinguished by • 
breaks at the beginning of the lines. The 
Notes are intended to indicate and explain 
the principal difficulties, and to supply the 
most important inferences which can be 
drawn from the propositions. The work 
finishes with a collection of Six hundred 
and twenty-jfive Exercises^ which have been 
selected prmcipaUy from Cambridge Ex- 
amination ipapers and have been tested by 
long experience. As far as possible they 
are arranged in order of difficulty. The 
Figures wiU be found to be large and dis- 
tinct, and have been repeated when neces- 
sary, so that the^ always occur in immedi- 
ate connexion with the corresponding text. 
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WOBKS by ISAAC TODHUNTEB, U.A., V.'R.Q.-eoniinwd. 



5. 

The Integral Calculus 

And its Applications, 

With mimerous Examples. 

Second Edition. 342 pp. (1862). 

Crown 8vo. cloth. 10«. 6d. 

In writing the present Treatise on the 
Integral Caicultu, the object has been to 
produce a work at once elementary and 
complete— adapted for the use of beginners, 
and sufficient for the wants of advanced 
students. In the selection of the propo- 
sitions, and in the mode of estabbshjng 
them, the author has endeavoured to ex- 
hibit fully and clearly the principles of 
the subject, and to illustrate all their most 
important results. In order that the stu- 
dent may find in the volume all that he 
requires, a large collection of Examples 
for exercise has been appended to the 
different chapters. 

6. Analytical Statics. 

With numerous Examples, 
Second Edition. 330 pp. (1858). 

Crown 8vo. cloth. 10«. 6d. 

In this work will be found all the pro> 
];)ositions which usually appear in treatises 
on Theoretical Statics. To the different 
chapters Examples are appended, which 
have been selected principally ftfom the 
University and College Exammation Pa- 
pers ; these will furnish ample exercise in 
the application of the principles of the 
subject. 

7. EXAMPLES OP 

Analytical Geometry 
of Three Dimensions. 

76 pp. (1868). Cm. 8yo. doth. 4«. 

A collection of examples in illustration 
of Analytical G^metry of Three Dimen- 
sions has long been required both by 
students and teachers, and the present 
work is published with the view of sup- 
plying the want. 



8. The 

Differential Calculus. 

With numerous Examples. 

Third Edition, 398 pp. (1860). 

Crown 8vo. cloth, 10s. 6d, 

This work is intended to exhibit a com- 
prehensive view of the Differential Calcu- 
lus on the method of Limits. In the more 
elementary portions, explanations have 
been given in considerable detail, with 
the hope that a reader who is without the 
assistance of a tutor may be enabled to ac- 
quire a competent acquaintance with the 
subject. More tiian one investigation of 
a tiieorem has been frequently given, 
because it is believed that the student de- 
rives advantage from viewing the same 
proposition under different aspects, and 
that in order to succeed in the examina- 
tions which he may have to undergo, he 
should be prepared for a considerable va- 
riety in the order of arranging the several 
branches of the subject, and for a corres- 
ponding variety in the mode of demonstra- 
tion. 



9. Plane Co-Ordinate 
Geometry 

AS APPLIED TO THE STRAIGHT UNE 

AND THE CONIC SECTIONS. 

With numerous Examples. 

Third and Cheaper Edition. 

Cm. 8vo. cl. 326 pp. (1862). 7s, 6d. 

This Treatise exhibits the subject in a 
simple manner for the benefit of beginners, 
and at the same time includes in one 
volimie all that students usually require. 
The Examples at the end of each chapter 
will, it is hoped, furnish sufficient exercise, 
as they have been carefully selected with 
the view of illustrating the most impor- 
tant points, and have been tested by re* 
peated exx)erience with pupils. In con- 
sequence of the demand for the work 
proving much greater than had been 
originally anticipated, a large number of 
copies of the Third Edition has been 
prmted, and a considerable reduction 
effected in the price. 
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Bjf IBAAQ TODWUNTER, U.A. 
10. 

AlC ELEMENTAEY TREATISE Olf THE 

Theory of Equations. 

With a CoUeetum of Examples. 

Grown 8yo. cloth. 279 pp. (1861). 
It. 6d. 

This treatfM cantainB all the propoei- 
tioDB which are usually included in ele- 
mentary treatiaea on the Theory of Bona* 
tiooa, together with a collection of Ex- 
amples for exercise. This work may in 
foct he regarded as a sequel to that on 
Algebra by the same writer, and accord- 
ingly the student has ocoasionalhr beoi 
referred to the treatise on Algebra for pre* 
limioary information on some topics here 
discussed. The work includes three 
chapters on Determinants. 

11. 

History of the Progress 
of the 

Calculus of Variations 

During the Nineteenth Century. 
Syo. doth. 532 pp. (1861). 128, 

It is of importance that those who wish 
to cultivate any subject may be able to 
ascertain what results have already been 
obtained, and thus reserve their strength 
for difficulties which have not yet been 
conquered. The Author has endeavoured 
in this work to ascertain distinctiy what 
has been effected in the Progress of the 
Calculus, and to form some estimate of 
the manner in which it has been effected. 

12. 

Algebra for Beginners. 

18mo. obth, 264 pp. (1863). 28. 6d' 

Great pains have been taken to render 
this work intelligible to young students 
by the use of simple language and by 
copious explanations. In accordance 
with the recommendation of teachers, the 
examples for exercise are very numerous. 



3p J. JSr. PRATT, M.A. 

Archdeacon of Calcutta, late Fellow of 
Gonville and Caius Colli^ Cambridge. 

A Treatise on 
Attractions, 

La Hae^e Functions, and the Figure 
of the Earth. 

Second Edition. Grown 8to. 126 pp. 
(1861). Cloth. 6«. M. 

In the present Treatise the author has 
endeavoured to supply tihe want of a work 
on a subject of great importance and high 
interest— La Place's CoCTftcients and Func- 
tions and the calculation of the Figure of 
the Earth by means of his remarkable ana- 
lysis. No atudent of the higher branches 
of Physical Astronomy shoiud be ignorant 
of La Place's analysis and its result—" a 
calculus," says Airy, "the most singular 
in its nature and the most powerful m its 
i4)pIication that has ever appeared." 

Theory of Errors of 
Observations 

And the Combination of Observations, 

By G. B. AIET, M.A. 

Astronomer Hoyal. 

103 pp. (1861). Crown 8yo. 6s; ed. 

In order to spare astronomers and ob- 
servers in natural philosophy the confosion 
and loss of time which are produced by 
referring to the ordinary treatises em- 
bracing ooth branches of Probabilities, the 
author has thought it desirable to draw 
up this work, relating only to Errors of 
observation, and to the rules derivable 
from the consideration of these Errors, for 
the Combination of the Results of Olraer- 
vations. The Author has thus also the 
advantage of entering somewhat more 
ftiUy into several points of interest to the 
observer, than can possibly be^done in a 
General Theory of ProbabiUties. 

AN ELEMENTAKY TREATISE ON 

The Planetary Theory. 

WITH A OOLLEOnON 07 PB0BLEM8. 

By C, S. H. CHETNE, B.A. 
Scholar of St. John'a College, Cambridge. 

148 pp. 1862. Cm. 8yo. cloth. 6«. 6<f. 
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By OEOBQE BOOLB^ D.CL.y F.R,S. 

Professor of Mathematics in tbe Queen's 
University, Ireland. 

Differential Equations 

468 pp. (1859). Cm. 8vo. cloth. 14*. 

The Author, has endeavoured in this 
treatise to convey as complete an account 
of the present state of knowledge on the 
subject of Differential Equations as was 
consistent with the idea of a work in- 
tended, primarily, for elementary instruc- 
tion. The object has been first of all to 
meet the w^ts of those who had no pre- 
vious acquaintance with the subject, and 
also not quite to disappoint others who 
might seek for more advanced informa- 
tion. The earlier sections of each chapter 
eontain that kind of matter which has 
usually been thought suitable for the 
beginner, while the latter ones are devoted 
either to an account of recent discovery, 
or to the discussion of such deeper ques- 
tions of principle as are likely to present 
themselves to the reflective student in con- 
nection with the methods and processes 
of his previous course. 

2. The Calculus of 
Finite Differences. 

248 pp. (1860). Crown 8yo. cloth. 
10«. 6^. 

In this work particular attention has 
been paid to the connexion of the methods 
with those of the Differential Calculus— a 
connexion which in some instances in- 
volves far more than a merely formal 
analogy. The work is in some measure 
designed as a sequel to the Author's Trea- 
tise an Differenital Equations^ and it has 
been composed on the same plan. 



Elementary Statics. 

By the Bev. OEORGE BAWLINSOIT^ 

TrofeBBOT of Applied Sciences, Elphin- 
Btone Coll., Boibbay. 

Edited hy the B&v, E. 8TUB0ES. M.A. 

Rector of Eencott, Oxfordshire. 

(160 pp.) 1860. Cm. 8vo. d. 4*. 6d» 

This work is published under the au- 
thority of H. M. Secretary of State for 
India for use in the Government Schools 
and Colleges in India. 



By P, G» TAIT, M.A., and 

W. J. STEELE, B.A. 

Late Fellows of St. Peter's Coll. Camb. 

Dynamics of a Particle. 

With numerous Examples, 
304 pp. (1856). Cr. 8vo. d. 10*. 6rf. 

In this Treatise will be found all the 
ordinal^ propositions connected with the 
Dynamics of Particles which can be con- 
veniently deduced without the use of 
D'Alembert's Principles. Throughout the 
book will be found a number of illus- 
trative Examples introduced in the text, 
and for the most part completely worked 
out; others, with occasional solutions or 
hints to assLst the student are appended to 
each Chapter. 

— -♦ 

By the Bev, O. F. CHILDE, M.A. 

Mathematical Professor in the South 
African College. 

Singrular Properties of 
the Ellipsoid 

And Associated Surfaces of the Mth 
Decree, 

152 pp. (1861). 8yo. boards. lOs.ed, 

As the title of this volume indicates, 
its oMeot is to develope peculiarities in 
the Ellipsoid; and further, to establish 
analo^us properties in unlimited con- 
generic series of which this mnarkable 
surf&ce is a constituent. 



By J. B, PSEAB, M,A. 

Fellow and late Mathematical Lecturer of 
Clare College. 

Elementary Hydrostatics 

With numerous Examples and 
Solutions. 

Third Edition. 156 pp. (1863). 
Crown 8vo. cloth. 6«. 6rf. 

" An excellent Introductory Book. The 
definitions are very clear ; the descriptions 
and exjplanations are sufficiently full and 
intelli^ble ; the investigations are simple 
and scientific. The examples greatly en- 
hance its value.** — English Joubnal of 
Education. 

This Edition contains 147 Examples, and 
solutions to all these examples are given 
at the end of the book. 
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By Bev, 8. PARKINSON, B,D, 

Fellow and Pnelector of St. John's Coll. 
Cambridge. 

1. Elementary Treatise 
on Mechanics. 

With a Collection of Examples, 

Third Edition revised and enlarged, 
374 pp. (1863). Cm. 8vo. cl. 9». 6d, 

The Author has endeavotired to render 
the present Tolume suitable as a Manual I 
for the junior classes in Universities and 
the higher classes in Schools. With this 
object there have been included in it those 
portions of theoretical Mechanics which 
can be conyeniently investigated without 
the Differential Calculus, and with one 
or two short exceptions the student is not 
presumed to require a knowledge of any 
branches of Mathematics beyond the ele- 
ments of Algebra, Geometry, and Trigo- 
nometrv. A collection of Problems and 
Examples has been added, chiefly taken 
from the Senate-House and College Ex- 
amination Papers — ^whlch will be found 
useful as an exercise for the student. 
In the Second Edition several additional 
propositions have been incozporated in 
the work for the purpose of rendering 
it more complete, and the Collection of 
Examples and Problems has been largely 
increased. 



2. A Treatise on Optics 

304 pp. (1859). Crown 8vo. 10*. 6d. 

A collection of Examples and Problems 
has been appended to this work which 
are sufficiently numerous and varied 
in character to afford useftd exercise 
for the student : for the greater part of 
them recourse has been had to the Ex- 
amination Papers set in the University and 
the several Colleges during the last twenty 
years. 

Subjoined to th^ copious Table of Con- 
tents the author has ventured to indicate 
an elementary course of readiag not un- 
suitable for the reauireinents of the First 
Three Days in tne Cambridge Senate 
House Examinations. 



By B. D. BEASLET, M,A. 
Head Master of Grantham School. 

AN ELEMENTAKT TKEATI8E ON 

Plane Trigonometry. 

With a numerous Collection of 
Examples. 

106 pp. (1858), strongly bound in 
dolii. Ss. 6d, 

This Treatise is specially intended for 
use in Schools. The choice of matter has 
been chiefly guided by the requirements 
of the three days* Examination at Cam- 
bridge, with the exception of proportional 
parts in logarithms, which have been 
omitted. About Four hundred Examples 
have been added, mainly collected from 
the Examination Papers of the last ten 
years, and great pains have been taken 
to exclude from the body of the work any 
which might dishearten a beginner by 
their difficulty. 



By J. BROOK SMITH, M,A. 
St. John's College, Cambridge. 

Arithmetic in Theory 
and Practice. 

For Advanced Pupils. 
Pabt I. Crown 8yo. doth. Zs. 6d, 

This work forms the first part of a Trea- 
tise on Arithmetic, in which the Author 
has endeavoured, from very simple prin- 
ciples, to explain in a full and satisfactory 
manner all the important processes in that 
subject. 

The proofs have in all cases been given 
in a form entirely arithmetical: for the 
author does not think that recourse oiurht 
to be had to Algebra until the arithmetaeal 
proof has become hopelessly long and per* 
plexing. 

At the end of every chapter several ex<* 
amples have been worked out at length, 
in which the best practical methods of 
operation have been carefully pointed out. 



FOE SCHOOLS AND COLLEGES 



By a, H. FUCKLE, M.A. 
Frincipal of WindMinere College. 

Conic Sections and 
Algebraic Geometry. 

JFith numerous Easy Examples Frth 
gressively arranged. 

Second Edit, enlarged and improved, 
264 pp. (1866). Crown 8yo. 7*. 6rf. 

This book has been written with special 
reference to those difficulties and misap- 
prehensions which commonly beset the 
student when he commences. With this 
obiect in view, the earlier part of the 
subject has been dwelt on at length, and 
geometrical and numerical illustrations of 
the analysis have been introduced. The 
Examples appended to each section are 
mostly of an elementary description. The 
work will, it is hoped, be found to con- 
tain all that is required by the upper 
classes of schools and by the generality 
of students at Uie Universities. 



By EDWARD JOHN BOUTS, M,A. 

FeUow and Assistant Tutor of St. Peter's 
College, Cambridge. 

Dynamics of a System 
of Rigid Bodies. 

With numerous Examples, 

336 pp. (1860). Crown 8vo. cloth. 
10«. 6^. 

CoNTXMTs: Chap. I. Of Moments of 
Inertia. — II. D'Alembert's Principle. — 
III. Motion about a Fixed Axis.— IV. 
Motion in Two Dimensions. — ^Y. Motion 
of a Bigid Body in Three Dimensions. — 
VI. Motion of a Flexible String.— VII. 
Motion of a System of Rigid Bodies.- 
VIII. Of Impulsive Forces.— IX. Miscel- 
laneous Examples. 

The numerous Examples which will be 
found at the end of each chapter have 
been chiefly selected from the Examina- 
tion Papers set in the University and 
Colleges of Cambridge during the last few 
years. 



THE CAMBRIDGE COURSE OF 

Elementary Natural 
Philosophy. 

BEmO THE PROPOSITIONS IN ME- 
CHANICS AND HYDROSTATICS 

In which those persons who are not 
Candidates for Honours are ex- 
amined for the Degree B.A. 

OBIGINALLT COKPILED 

By J. 0, SNOWBALL, M.A., 
Late Fellow of St. Jobn's College. 

Fifth Edition, Revised and Enlarged, 
and adapted for the Middle-Class 
Examinations. 

By THOMAS LUND, B.D., 

Late Fellow and Lectnrer of St. John's 
College. Editor of Wood's Algebra. &c. 

156 pp. New Edition (1864). 
Crown 8vo. cloth, ds. 

This work will be found suited to the 
wants, not only of University Students^ 
but also of many others who require 
a short course of Mechanics and Hydro- 
statics, and especially of the Candidates at 
our Middle-Class Examinations. 



By N, M. FERRERS, M.A. 

Fellow and Mathematical Lecturer of 
Gonyille and Caius College, Cambii^e. 

AN ELEMENTARY TEEATISE ON 

Trilinear Co-Ordinates 

The Method of Hedproeal Folars, 
and the Theory of Frojections, 

164 pp. (1161). Cr. 8vo. cl. 6«. 6<?. 

The object of the Author in writing 
on this subject has mainly been to place 
it on a basis altogether iadependent of the 
ordinary Carte ian System, instead of re- 
garding it as only a special form of abridged 
Notation. A short chapter ,on Determi- 
nants has been introduced. ' 
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By J. C. BNOWBALLj MJL 
Late Fellow of St. John's CoIL Cambridge. 

Plane and Spherical 
Trigonometry. 

WUh the Oonatruetion and TT$e of 
Tables of Zoffarithms, 

Tenth Edition. 240 pp. (1863). 
Crown 8vo. 7«. 6d, 

In preparing a new edition, the proofs 
of some of the more important propositions 
have been rendered more strict and ge- 
neral ; and a considerable addition of more 
than Tioo hundred Example*^ taken prin- 
cipallf from the questions in the Examina- 
tions of Colleges and the UniTersity, has 
been made to the collection of Examples 
and Problems for practice. 



By W, JSr. DRBWt M.A, 
Second Master of Blackheath School. 

Geometrical Treatise 
on Conic Sections. 

With a copioua Collection of Examples, 

Third Edition. Crown Svo. cloth. 
4«. 6d, 

In this work the subject of Conic Sec- 
tions has been placed before the student 
in such a form that, it is hoped, after 
mastering the elements of Euclid, he may 
find it an easy and interesting continuation 
of his geometrical studies. With a view 
also of rendering the work a complete 
Manual of what is required at the Uni- 
Tersitles, there have been either embodied 
into the text, or inserted amonpr the ex- 
amples, every book work question, prob- 
lem, and rider, which has been proposed 
in the Cambridge examinations up to the 
present time. 



Solutions to the Pro- 
blems in Drew's Co- 
nic Sections. 

Crown Sto. oloth. 4«. 6d. 



Senate-Honse Mathe- 
matical Problems. 

WUh Solutions. 
1848-51. By Febreks and Jacksok. 8to. 

159. 6d. 
1848-51. (BiDBxa). By Jajcbson. 8to. 

7«. 6<f. 
1854. By WaiiTON and Mackxkzie. 

10s. 6d. 
1857. By Cakpion and Waltow. 8vo. 

B».6d. 
1860. By BouTH and Watson. Crown 

8vo. 7s. 6d. 
1864. By WALTOHandWiLKiKSON. 8^0. 

cloth. 10«. 6d. 

The above books contain Problems and 
Examples which have been set in the 
Cambridge Senate-house ExaminationB at 
yarious periods during the last twelve 
years, togetilier with Solutions of the same. 
The Solutions are in all cases given by 
the Examiners thems^ves or under their 
sanction. 



By ff. A, MORGANy M.A. 
Fellow of Jesus College, Cambridge. 

A Collection of Mathe- 
matical Problems and 
Examples. 

With Answers, 
190 pp. (1858). Crown Svo. 6*. 6<?. 

This book contains a number of prob- 
lems, chiefly elementary, in the Mathe- 
matical subjects usually read at Cam- 
bridge. They have been selected from 
the papers set during late years at Jesus 
College. Very few of them are to be met 
with in other collections, and by far the 
larger number are due to some of the most 
distinguished Mathematicians in the Uni- 
versity. 

By C. TATLOB, B.A. 
Scholar of St. John's College, Cambridge. 

Geometrical Conies. 

Ineludinff Anharmonic Ratio andBrO' 
jeetion. With numerous Examples. 

222 pp. 1863. Crown 8vo. 7s. 6<f. 

This work contains elemental^ proofs of 
the principal properties of Conic Sections, 
together with chapters on Projection and 
Anharmonic Batio. 
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A Treatise on 

Solid Geometry. 

By PEUCIVAL FROST, M.A.t 
St. John's College, and 

JOSEPH WOLSTENBOLME, MJL,^ 
ChriBt's Coll. Cambridge. 

472 pp. 8yo. cloth. 18«. 1863. 

The authors have endeaToored to present 
before students as comprehensive a view of 
the subject as possible. Intending as they 
have done to make the subject accessible, 
at least in the earlier portion, to all classes 
of students, tlfey have endeavoured to ex- 
plain Ailly all the processes which are 
most useful in dealing with ordinary theo- 
rems and problems, thus directing the 
student to the selection of methods which 
are best adapted to the exigencies of each 
problem. In the more difficult portions of 
tiie subject, they have considered them- 
»dves to be addressing a higher class of 
students; there they nave tried to laj 
a good foundation on which to build, if 
any reader should wish to pursue the 
science beyond the limits to which the 
work extends. 



By PERCIVAL FROST, M.A. 

Late Fellow of St. John's College ; 
Mathematical Lecturer of King's College. 

Newton's Principia 

Skctions 1, 2, and 3. 

WITH^OTES AND ILLUSTEATIONS. 

also a 

OoUection of Problems 

Prineipally intended as JExamplea of 
Newton's Methods, 

Second Edit. 288 pp. (1863). IO5. 6d, 

The author's principal intention is to 
explain difficulties which may be en- 
countered by the stud^it on first reading 
the Principia, and to illustrate the ad- 
vantages 01 a careful study of the methods 
employed by Newton, by showing the 
extent to which they may be applied in 
the solution of problems; he has also 
endeavoured to give assistance to the 
student who is engaged in the study of 
the higher branches of Mathematics, by 
representing in a geometrical form 
several of the processes employed in 
the Differential and Integral Calculus, 
and in the analytical investigaUonB of 
Dynamics. 



By JOHN E, B. MAYOR, M,A, 

Fellow and Classical Lecturer of St John's 
College, Cambridge. 

1. Juvenal. 

With English Notes and an Index, 

New and Reyised Edition. Nearly 

Meady, Crown 8yo. cloth. 7«. 6^. 

" A School edition of Juvenal, which, 
for really ripe scholarship, extensive ac- 
quaintance with Latin literature, and fa- 
miliar knowledge of Continental criti- 
cism, ancient and modem, is unsurpassed, 
we do not s&y among English School-books, 
but among English editions generally."— 
Edinbu&gh £kvi£W. 



2. 



Cicero's 



Second Philippic. 

With English Notes. 
168 pp. (1861). Fop. 8vo. cloth. 6s' 

The Text is that of Halm's 2nd edition, 
(Leipzig, Weidmann, 1858), with some 
oorretftions f^om Madvig's 4th Edition 
(Copenhagen, 1858). Halm's Introduction 
has been closely translated, with some 
additions. His notes have been curtailed, 
omitted, or enlarged, at discretion; pas- 
sages to which he gives a bare reference, 
are for the most part printed at length ; 
for the Greek extracts an English version 
has been substituted. A large body of 
notes, chiefly grammatical and historical, 
has been added from various sources. A 
list of books useful to the student of 
Cicero^ a copious Argument, and an Index 
to the mtroduction and notes, complete the 
book. 



The Chief Bules of 
Latin Syntax. 

COMPILED BT 

G. HALE PUOKLE, MJL. 

Head Master of Windermere CoUege. 

Fcp. 8yo. \s. 

Biiles for the Quantity 
of Syllables in Latin. 

Fcp. 8vo. 1*. 
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CAMBELDaE CLASS BOOKS 



An Elementary Latin 
Grammar. 

Sy m J. ROBTy M.A.t 

Under-Mastet' of Dulwich College Upper 
School, late Fellow and Classical I^- 
torer c^ St. John^s College, Cambridge. 

18mo. 2«. 6^. 

The Author's experience in practical 
teaching has induced an attempt to treat 
Latin Grammar in a more precise and 
intelligible way than has been usual in 
school books. The facts have been de- 
rived from the best authorities/ especially 
Madvig's Grammar and other worlu. The 
works also of Lachmann, Ritschl, Key, and 
others have been consulted on sj^ial 
points. The accidence and prosody have 
been simplified and restricted to what is 
really required by boys. In the Syntax 
an analysis of sentences has been given, 
and the uses of the different cases, tenses 
and moods briefly but carefully described. 
Particular attention has been paid to a 
classification of the uses of the subjunctive 
mood, to the prepositions, the oratio 
obliqua, and such sentences as are intro- 
duced by the English ' that.* Appendices 
treat of the Lathi forms of Greek nouns, 
abbreviations, dates, monev, &c. The 
Grammar is written in English. 



ELEMENTARY fflSTORY OF THE 

Book of Common 
Prayer. 

For the Use of Schools and popular 

reading. 

By FRANCIS PROCTER, M.A,, 

Vicar of "Witton, Norfolk, late Fellow 
of St. Catharine's College, Cambridge. 

18mo. cloth. 28. 6d, 

The Author having been frequently 
urged to give a popular abridgement of 
his larger work in a form which should be 
suited for use in Schools and for general 
readers, has attempted in this book to 
tr&ce the History of the Prayer-Book, and 
to supply to the English reader the general 
results which in the larger work are ac- 
companied by elaborate discussions and 
references to authorities Indispensable to 
the student. It is hoped that this book 
may form a useful manual to assist people 
generally to a more intelligent use of the 
Forms of our' Common Prayer. 



By B, DRAKEt M.A. 
Late Fellow of King's Coll. Cambridge. 

1. Demosthenes on the 

Crown. 

With English Notes, 

Second Edition. To which is pre- 
fixed iBsCHINES AGAINST CtBSI- 

PHON. With English Notes. 

287 pp. (1860). Fcap. 8vo. d. bs. 

The first edition of the late Mr. Drake's 
edition of Demosthenes de Corona having 
met with considerable acceptance in vari- 
ous Schools, and a new edition being called 
for, the Oration of JSschines against Ctesi- 
phon, in accordance with the wishes of 
many teachers, has beoi appended with 
useful notes by a competent scholar. 

2. iEschyli Enmenides 

With English Verse Translation^ 
Copious Introduction, and Notes, 

8vo. 144. pp. (1853). 7«. 6d, 

** Mr. Drake's ability as a critical Scho- 
lar is known and admitted. In the edition 
of the Eumenides before us we meet with 
him also in the capacity of a Poet and 
Historical Essayist. The translation is 
flowing and melodious, elegant and scho- 
larlike. The Greek Text is well printed : 
the notes are clear and useful. "-^Guab- 

DIAN. 



By C. MERIVALE, B,D. 
Author of "History of Rome,** &c. 

Sallust. 

With English Notes, 

Second Edition. 172 pp. (1868). 
Fcap. 8vo. 4*. ^d. 

** This School edition of Sallust is pre- 
cisely what the School edition of a Latin 
author ought to be. No useless words 
are spent in it, and no words that could 
be of use are spared. The text has been 
carefully collated with the best editions. 
With the work is given a full current of 
extremely well-selected annotations."— 
Thb Examiner. 

The " Catilina" and " Juouktha** may 
be had separately^ price 2«. M, each, 
bound in cloth. 
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By the Rev, J, JTRIGST, M,A, 
Of Trinity Ck>lldge, Cambridge. 

1. Help to Latin 
Grammar. 

With Easy JSxercises, and Vocabulary. 
Crown 8vo. cloth. 4«. 6d. 

Never was there a better aid offered 
alike to teacher and scholar in that ardu- 
ous pass. The style is at once familiar 
and strikingly simple and lucid^ and the 
explanations precisely hit the difficulties, 
and thoroughly explain thrai."— English 
Journal of Edxtcatton. 



2. 



Hellenica. 



A FIRST GREEK READING BOOK. 

Second Edition. With Vocabulary. 
Fcap. 8to. cl. 3«. 6rf. 

In the last twenty chapters of this 
volume, Thucvdides sketches the rise and 
progress of the Athenian Empire in so 
clear a style and in such simple language, 
that the author doubts whether any easier 
or more instructiYe passages can be 
selected for the use of the pupil who is 
commencing Greek. 

3. The Seven Kings of 

Rome. 

A First Latin Beading Book. 

Third Edit. Fcap. 8vo. cloth. 3*. 

This work is intended to supply the 
pupil with an easy Construing-book, which 
ma^, at the same time, be made the 
vehicle for instructii^ him in the rules of 
grammar and principles of composition. 
Here Livy tells his own pleasant stories 
in his own pleasant words. Let Livy be 
the master to teach a boy Latin, not some 
English collector of sentences, and he will 
not be found a dull one. 

4. Vocabulary and Ex- 
ercises on ^^The Seven 
Kings of Rome." 

Fcp. 8yo. cloth. 2s. 6rf. 

%* TKe Vocabulary and Exercises may 
also he had oound up with " The 
Seven Kings of Borne" 5s, cloth. 



By EDWARD THRlNGj M.A, 
Head Master of Uppingham School. 

Elements of Grammar 
Taught in English. 

With Questions, 

Third Edition. 136 pp. (1860). 

Demy ISmo. 2s. 

2. The Child's English 

Ghrammar. 

New Edition. 86 pp. (1859). Demy 
limp cloth, 18mo. Ys, 

The Author's effort in these two books 
has been to point out the broad, beaten, 
every-day path, carefully avoiding digres- 
sions into the byeways and eccentricities 
of language. This Work took its rise 
from questionings in National Schools, 
and the whole of the first part is merely 
the writing out in order the answers to 
questions which have been used already 
with success. Its success, not only in 
National Schools, tram, practical work in 
which it took its rise, but also in classical 
schools, is fuU of encouragement. 

3. A Latin Gradual. 

A First Latin Construing Book for 

Beginners, 
167 pp. 1864. 18mo. cloth. 2«. 6<f. 

The main plan of this little work has 
been wdl tested : experience however has 
led to considerable changes in the way of 
working this out. 

The intention is to supply by easy steps 
a knowledge of Grammar, combined with 
a good vocabulary; in a word, a book 
which wiU not require to be forgotten 
agaUi as the learner advances. 

A short practical manual of common 
Mood constructions, with their English 
equivalents form the second part. 

4. School Songs. 

A COLLECTION OP SONGS FOR 
SCHOOLS. 

WITH THE MUBIO ABSANGED FOR 
FOUR YOICES. 

Edited by Rev. E. THKINQ and 

H. RICCIUS. 

Music Size. Ts. 6d, 
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jy EDWARD THBINQ, M,A. 

5. A First Latin Con- 
struing Book. 

104 pp. (1855). Fcap. 8yo. 2«. 6<7. 

This Coastruinff Book is drawn up on 
the same sort of graduated scale as the 
Author's EnglUh Orammar. Passages 
out of the best Latin Poets are gradn^ly 
built up into their perfect shape. The 
few words altered, or inserted as the pass- 
ages go on, are printed in Italics. It is 
hoped by this plan that the learner, whilst 
acquiring the rudiments of language, may 
store his mind with good i>oetry and a 
good vocabulary. 



By a J. VAUQSAN^ D.D, 

Vicar of Doncaster, and Chaplain in 
Ordinary to the Queen. 

St. Paul's Epistle to 
the Romans. 

The Greek Text with Unffliah Notes. 

Second Edition. Crown Syo. cloth. 
(1861). 6s. 

By dedicating this work to his elder 
Pupils at Harrow^ the Author hopes that 
he sufficiently indicates what is and what 
is not to be looked for in it. Ue desires 
to record his impression, derived from the 
experience of many years, that the Epis- 
tles of the New Testament, no less than 
the Gospels, are capable of ftimishing 
useful and solid instruction to the highest 
classes of our Public Schools. If they are 
taught accurately, not controversially; 
jKwitively, not negatively; authorita- 
tively, yet not dogmatically ; taught with 
close and constant reference to their literal 
meaning, to the connexion of their parts, 
to the sequence of their ai^ument, as well 
as to their moral and spiritual instruc- 
tion ; they will interest, they will inform, 
they will elevate ; they will inspire a re- 
verence for Scripture never to be dis- 
carded, they will awaken a desire to drink 
more deeply of the Word of God, certain 
hereafter to be gratified and fulfilled. 



Notes for Lectures 
On Oonflrmation. 

"With Suitable Prayers. 
2?y a J, VAVaHAN, D,D. 

6th Edition. 70 pp. (1864). Fcp. 
8yo. Is. 6d. 

This work, originally prepared for the 
use of Harrow School, is published in the 
belief that it may assist the labours of 
those who are engaged in preparing can- 
didates for Conflnnation, and who find it 
difficult to lav their hand upon any one 
book of suitaole instruction at once suffi- 
ciently full to furnish a synopsis of the 
subject, and sufficiently elastic to give free 
scope to the individual judgment in the 
use of it. It will also be found a hand- 
book for those who are being prepared, as 
presenting in a compact form the veij 

goints which a lecturer would wish his 
earers to remember. 



The GliurclL Catechism HItis- 
trated and Explained. By 
ARTHUR RAMSAY, M.A. 

Second Edition. 18mo. Is, 6d. 



Hand-Book to Butler's Ana- 
logy. By C. A. SWAINSON, 
M.A, 56 pp. (1866). Crown 8vo. 
Is. ed. 



History of the Christian 
Church during the First 
Three Centuries, and the 
Beformation in England. 
By W. SIMPSON, M.A. Fourth 
Edition. Fcp. 8yo. cloth. Zs. Qd. 



Analysis of Paley's Eviden- 
ces of Christianity. Bv 
CHARLES H. CROSSE, M.A. 
115 pp. (1855). 18nio. Zs. 6d. 
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CAMBEIDGE MANUALS 

FOR THEOIjOGHOAIj STTJIDENTS. 

This Series of Theological Mantals has been published with 
the aim of supplying Books concise, comprehensive, and accurate ; 
convenient for the Student, and yet interesting to the general 
reader. 



1. History of the Christian 

Chiirch during the Middle 

Ages. By Abchdeacon HAKD- 

WICK. Second Edition. 482 pp. 

(1861). With Maps. Crown 8vo. 

cloth. lOs. ed. 

This Volume olaiinB to be regarded as 
an integral and independent treatise on 
the MedisBval Church. The History com- 
menoes with the time of Gregory the Great) 
to the year 1520,— the year when Luther, 
having been extruded from those Churches 
that adhered to the Communion of the 
Pope, established a provisional fbrm of 
government and opened a firesh era in the 
history of Europe. 

2. History of the Christian 
Church during the Befor- 
mation. By Abchdn. HARD- 
WICK. 459 pp. (1856). Crown 
8vo. doth. 10«. 6d, 

This Work forms a Sequel to the Au- 
thor's Book on The Middle Ages. The 
Author's wish has been to give the reader 
a trustworthy version of those stirring 
inddents which mark tiie Reformation 
period. 

8. History of the Book of Com- 
mon Prayer. With a Rationale 
of its Offices. By FRANCIS 
PROCTER, M. A. Fifth Edition. 
464 pp. (1860). Crown 8vo. cloth. 
10«. 6d. 

In the course of the last twenty years 
the whole question of liturgical knowledge 



has been reopened with great learning and 
accurate research, and it is mainly with 
the view of epitomizing their extensive 
publications^ and correcting by their help 
the errors and misconceptions which had 
obtained currency, that the present 
volume has been put togetiier. 

4. History of the Canon of 
the New Testament during^ 
the First Four Cen turi es. 
By BROOKE FOSS WEST- 
COTT, M.A. 594 pp. (1855). 
Crown 8yo. doth. 12«. 6d. 

The Author has endeavoured to connect 
the history of the New Testament Canon 
with the growth and consolidation of the 
Church, and to jmint out the relation 
existing between the amount of evidence 
for the authenticity of its component parts 
and the whole mass of Christian literature. 
Such a method of inquiry will convey both 
tiie truest notion of the connexion of the 
written Word with the living Body of 
Christ, and the surest conviction of its 
divine authority. 

6. Introduction to the Study 

of the GOSPELS. ByBROOEE 

FOSS WESTCOTT, M.A. 458 
pp. (I860). Crown 8yo. cloth. 
10«. ed. 

This book is intended to be an Intro- 
duction to the Study of the Gtospels. In 
a subject which involves so vast a hterature 
much must have been overlooked ; but the 
Author has made it a point at least to 
study the researches of the great writers, 
I and consciously to neglect none. 



UDlfomily printed In ISmo. Hsadsomely be 

with Vignette Tillea ij Ira cloth, 4i. fe 

T. Woolner, W. HQlman plain, 7». M. 

Hunt, J. Noel Pston, Ao. tni, 10*. fid. eat 



1. THE GOLDEN TfiEASTJRT 

OF THE BEST BONOS AND LYRICAL POEMS IN THE ENGLISH 

Selected and atrai^d, with Hoteflj by F. T. PALGRAVE. 

2. THE FAIRT BOOK. 

THE BEST POPULAR FAIRT STORIES, SELECTED AND RENDERED ANEW 

By the Author of "John Halifai." 

3. THE CHILDREN'S GARLAND. 

Selected and Arranged by COVENTRY PATMORE. 
4. THE PILGRIM'S PROGRESS 

FROM THIS WORLD TO THAT WHICH 19 TO COME. 
By JOHN BUNTAN. 

LMge-pi^ier ooples, crown 8to. 7». Sd. ; or bound in half morocco, lOj. M. 

6. THE BOOK OP PRAISE. 

FROM THE BEST ENGLISH HYMN WRITERS. 
Selected and arrai^ed hy ROUNDELL PALMER. 
•.• ROYAL EDITION, fii. Morocco Eitra, IJi. fid. LARGE-TYPE 
EDITION, demy 8™. handsomely printed and Iwund, lOj. ed. ; or best Levant 
morocco bj lUrtere, SEW, 

6 BACON'S ESSAYS AND COLOURS OF GOOD 

AND EYIL. 
With Notes and Gloasarial Indei, by W. ALDI3 WRIGHT, M.A., 
Trinity College, Cambridge. 
%• lirge Paper Copies, Crown Bto. Ij. fid., or bound in half-moroooo, lOa. 6d. 

7. THE JEST BOOK. 

THE CHOICEST ANECDOTES AND SAYISH8 

Selected and Arranged by MARK LEMON. 

with a Vignette by CsABLnB Keik. 

8. THE BALLAD BOOK. 

A SELECTION OF THE CHOICEST BRITISH BALLADS. 

Edited by WILLIAM ALLINQHAM. 
Witti a Vignette by J. Noel P*tok, R.S.A. 
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